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AMC MIDDLE PRIMARY (GRADE 5, 6) 2016 AUSTRAL
Ciu s6 1
Which of these numbers is the smallest?
(A) 655 (B) 566 (C) 565 (D) 555 (E) 556
Cau so 2

Two pizzas are sliced into quarters. How many slices
will there be?

(A) 2 (B) 10 (C) 6
(D) 8 (E) 16
Céusé 3
Join the dots P, @), R to form the triangle PQR.
P )

* @ & @* = = = 9
* @ & @* = = = 9
* @ & @* = = = 9
* @ & @* = = = 9
e @ = = @ 2 = 9

R

How many dots lie inside the triangle PQR?

(A) 13 (B) 14 (C) 15 (D) 17 (E) 18
Causd4d

0.34+04is

(A) 0.07 (B) 0.7 (C) 0.12 (D) 0.1 (E) 7
Causo s

Lee’s favourite chocolates are 80c each. He has five

dollars to spend. How many of these chocolates can ’
he buy? WV

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8



Causd 6
Ten chairs are equally spaced around a round table. They are num-
bered 1 to 10 in order. Which chair is opposite chair 97
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
Causo7
In a piece of music, a note like & is worth one beat, J' is worth half a
beat, @ is worth 2 beats and o is worth 4 beats. How many beats are

in the following piece of music?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
Céuso 8
Phoebe put her hand in her pocket and pulled out 60 cents. How
many different ways could this amount be made using 10e, 20c and

50c coins?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

Causo 9
Which of these containers is currently holding the most water?

&) g (B) (©) aﬂ

(D) E[”””’ (E) E'ﬂ“‘“”




Cau sé 10

Which of these shapes has the most axes of symmetry (mirror lines)?
(A) (B)

(D)

Ciusé 11

A sailor coiled a rope on his ship's deck,
and some paint was spilled across half
of it. What did the rope look like when
it was uncoiled?

{_-"JL:I {fi‘t'__ —_— — —

(C) &
Causo 12

If the area of the tangram shown is 64
square centimetres, what is the area in :
square centimetres of the small square? r‘";,_
(A) 32 (B) 24 (C) 16 N

(D) 8 (E) 4

Causo 13

For each batch of 25 biscuits, Jack uses 2% packets of chocolate chips.
How many packets does he need if he wants to bake 200 biscuits?
(A) 20 (B) 8 (C') RO (D) 10 (E) 50



Causo 14

Which one of the following is correct?
(A) Two even numbers add to an odd number.
B) An odd number minus an odd number is alwayvs odd.

(
(C) Adding 2 odd numbers and an even number is always odd.
(D) Adding 3 odd numbers is always odd.

(

E) An odd number multiplied by an odd number always equals an
even mumnber.
Cau sd 15
The perimeter of the outer square is 36 cm,
and the perimeter of the inner square is 2() cm.
If the four rectangles are all identical, what
is the perimeter of the shaded rectangle in
centimefres?
(A) 12 (B) 14 (C) 24
(D) 20 (E) 18
Causo 16

George has a new lock that opens if the four numbers
1. 2, 3 and 4 are pressed once each in the correct order.

If the first number must be larger than the second
number, how many combinations are possible?

(A) 10 (B) 12 (C) 15
(D) 18 (E) 20

Causd 17

A straight cut is made through the hexagon
shown to create two new shapes. Which of
the following could not be made?

A) one triangle and one hexagon
B

) two pentagons

(

(

(C) two quadrilaterals

(D) one quadrilateral and one pentagon
(

E) one triangle and one quadrilateral



Causo 18

The numbers 3. 9, 15, 18, 24 and 29 are divided into two groups of
3 numbers and each group is added. The difference between the two
sums (totals) of 3 numbers is as small as possible. What is the smallest

difference?

(A) 0 (B) 1 (C) 2 (D) 5 (E) 8

Causd 19

Benny built a magic square using the numbers ¥ 13
from 1 to 16, where the numbers in each row,
each column and each diagonal add up to the
same total. 7 12

D 10

What number does he place at the X7 4 1
(A)16 (B)15 (C)17 (D)11 (E) 14

Ciu s6 20
Andy has a number of red, green and blue counters.

He places eight counters equally spaced around a
circle according to the following rules:

e No two red counters will be next to each other.

e No two green counters will be diagonally op-
posite each other.

e As few blue counters as possible will be used.

How many blue counters will Andy need to use?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4
Cau so 21

I have five coloured dises in a pile as shown.

I take the top two dises and put them on the
bottom (with the red dise still on top of the
blue dise).

Then I again take the top two dises and put
them on the bottom.

It I do this until I have made a total of 21
maoves, which dise will be on the bottom?

(A) red (B) blue (C) green (D) vellow (E) orange



Cau s6 22
A zoo keeper weighed some of the animals at
Melbourne Zoo. He found that the lion weighs
90 kg more than the leopard, and the tiger
weighs 50kg less than the lion. Altogether

the three animals weigh 310kg. How much
does the lion weigh?

(A) 180kg  (B) 150kg  (C) 140kg (D) 130kg  (E) 100kg
Cau s6 23

Adrienne, Betty and Cathy were the only three competitors partici-
pating in a series of athletic events. In each event, the winner gets 3
points, second gets 2 points and third gets 1 point. After the events,

Adrienne has 8 points, Betty has 11 points and Cathy has 5 points.
In how many events did Adrienne come second?

(A) O (B) 1 (C) 2 (D) 3 (E) 4
Cau s6 24
Jane and Tom are comparing their pocket money. Jane has as many

5¢ coing as Tom has 10e¢ eoins and as many 10c coins as Tom has 20¢
coins. However, Jane has as many 50c coins as Tom has 5S¢ coins.

They have no other coins and thev find that they each have the same
amount of money.

What is the smallest number of coins they each can have?

(A)Y3 (B) 4 (C) 5 (D) 6 (E) 7
Céu s6 25
A tueckshop has two jars of cordial mixture. - m

|

Jar A is 30% cordial, while Jar B is 60% cordial. |
Some of Jar A is mixed with some of Jar B to make
18 litres of 50% cordial.

How many litres from Jar A are used?
(A) 9 (B) 12 (C) 4
(D) 3 (E) 6
Cau s6 26
Qiang, Rory and Sophia are each wearing a hat with a mumber on it.

Each adds the two numbers on the other two hats, giving totals of 11,
17 and 22. What is the largest number on a hat?



Cau so6 27

The number 840 is the 3-digit number with the most factors. How
many factors does it have?

Cau s6 28
A class has 2016 matchsticks. Using blobs of modelling clay to join

the matches together, they make a long row of cubes. This is how
their row starts.

T*L i o oF

.

They keep adding cubes to the end of the row until they don't have
enough matches left for another cube. How many cubes will they
make?

Cau so6 29

You have an unlimited supply of five differ-

ent coloured pop-sticks, and want to make as > &
many different coloured equilateral triangles " %
as possible, using three sticks.

One example is shown here.

Two triangles are not considered different if Bk

they are rotations or reflections of each other.
How many different triangles are possible?
Cau sd 30

Today my three cousins multiplied their ages together and it came to
2016. This day last year their ages multiplied to 1377.

When they multiplied their ages together 2 years ago today, what was
their answer?

END No.01
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IM{ 2017 B+ =B IMCERFRHFEZE" (Fmig)

Thirteenth IMC International Mathematics Contest (China), 2017

HLVIN

Grade Six Contest Paper

(August 04 — 07, 2017 Total of 100 points)

. Multiple Choice Questions. (Each problem is worth 5 marks for a total of 40 marks.)
Khoanh vao cdu tré Ioi diung. (méi cdu héi duoc 5 diém, téng diém Ia 40)

+87+ 4+
What is the simplified value of O+8TH6xSx4 +2x1 ?
1+2%x34%x5x6—-7-8-9

Tim gia tri.

2017 B 1 C 2018

6
2018 ' T 2017 5

. The sum of two positive integers is 40 and the greatest common factor of these two integers is 5.
What is the difference of these two positive integers?
Téng cla 2 s6 nguyén duwong 1a 40 va udc chung 1&n nhat clda 2 s6 nguyén duwong d6 1a 5. Tinh hiéu

cla hai s6 nguyén duong.
A. O B. 10 C. 30 D. 100r30

Use the following digits 1, 2, 3, 4, 5, 6, 7, 8 just once to form several composite numbers. What is the
smallest possible sum of all these composite numbers?
Str dung cac chits6 1, 2, 3, 4, 5, 6, 7, 8, mdi chit s6 ding mdt Ian dé tao cac hop s6 (vi du mdt bd s6

thod man dé bai 1a 1234, 56, 78). T6ng nhd nhat cd thé cd cha cac hop sé d6 1a bao nhiéu?
A. 90 B. 97 C. 100 D. 140

In the multiplication puzzle, some digits are given. If this puzzle is established

correctly, then what is the sum of all the digits that appear in the [ ? y %E‘
Dién cdac chir s6 thich hgp vao phép nhan duwdi day. Tinh tdng cac chit s6

(14 []
trong cac 6 vudng duoc dién. s L1000

10



A. 28 B. 56 C. 62 D. 70

5. As shown in the diagram, in rectangle ABCD, AE =2BE, DF= A D 2CF, G lie
on BC. Ifareaof AAEMis 37%cm2,area of ADFN is 622—;cm2, then what
E F
is the area of the shaded region in cm®? 8 M\/N
R G
Trong hinh bén, hinh chit nhat ABCD c6 AE=2BE, DF=2CF, G nam trén BC.

Né&u dién tich cta tam giac AEM 1a 37%cm2, va dién tich clia tam gidc DFN 13 622—;cm2, thi dién
tich ctia phan bj gach chéo 1a bao nhiéucm® ?

A. 25 B. 37 C. 50 D. 62

. The given figure is composed of one sector of a circle and two

squares, where the arc length of the sector is twice the radius, t

perimeter and the area of the given composite figure are eq

numerical value. What is the area of the figure in cm”?

Hinh bén tao bdi 2 hinh vudng va 1 phan hinh tron, trong dé chiéu dai cda phan hinh tron gap doi
chiéu dai ctia ban kinh, chu vi va dién tich ctia hinh bén bang nhau vé gid tri. Tinh dién tich cla hinh

bén (bao gébm 2 hinh vuéng va 1 phan hinh tron) theo cm?.

A 2 B. 8 C. 4 D. 21l
3 3

. Alex and Benito, from opposite end of the diameter of a circular runway, started running towards

each other. They first met at a certain point that is 80 meters from Benito’s starting point. The second
time they met at another point that is 60 meters requiring Benito to run for 60 meters in order to be
back at the starting point. How long is the runway in meters?

Alex va Benito tir hai du clia 1 dudng kinh clia 1 vong chay hinh tron va bat dau chay vé phia nhau.
Ho gdp nhau Ian dau & 1 diém cach 80m tir chd Benito xuat phat. Lan thi 2 ho gdp nhau tai diém

ma Benito con phai chay 60m nita mdi dén diém xuat phat. Tinh chiéu dai cia mot vong chay.
A. 200 B. 300 C. 400 D. 500

Select four digits from 0, 1, 2, 3, 4, 5 and 6 to form a four-digit distinct numbers so that it is divisible

by 45. How many such four-digit numbers are there?

11



Chon 4 chir s6 tir cac chir s6 tir 0, 1, 2, 3, 4, 5, 6 d€ tao thanh cac s6 cd 4 chir s6 chia hét cho 45. Hoi

c6 bao nhiéu sb cd 4 chit s6 nhu vay?

A. 6 B. 24 C. 28 D. 30

B. Short Answer Questions. (Each problem is worth 5 points for a total of 40 points)

9.

10.

11.

. .o 2x3 5x6 8x9 11x12 98 x99
Find the simplified value of + + + +eeet .
Ix4 4x7 7x10 10x13 97x100

Rat gon:

One summer day, the frog said, "I ate 1210 mosquitoes today." The spider said, "You braggart, |
counted and it was only a44 mosquitoes.” The counting is different because the frog having four
legs calculated in terms of base 4 while the spider having eight legs calculated in terms of base 8.
What is the value of a?

Vao mot ngay mua hé, con &ch ndi “Tdi da &n 1210 con mudi”. Con nhén ndi “Ban ndi doi, téi da
d&m va ban chi dn c6 a44 ¢on thai”- Trén thuc té, ca hai con déu ding vi con &ch c6 4 chén va st
dung hé co s6 4, trong khi con nhén cé 8 chan va st dung hé co sé 8. Gia trj cla a trong hé co'sé 8

l[a bao nhiéu?

(M6t vi du vé co s& 5 nhu sau: s6 124 viét trong hé co s6 5 s& cd gia tri trong hé thap phan 13: 1.5%+

2.5+4=39)

In January, a rack of signature clothes whose selling price of $300 per piece sold out a total of 40
pieces. In February, the price was cut down by 8%, whereas the sale was increased by 30%. Hence,
the profit in February was $120 more than the profit in January. What is the cost per piece of each
clothes?

Vao thang 1, mot clra hang ban 1 loai do véi gid 300S va ban dwoc 40 chiéc. Vao thang 2, gid dugc
gidm xudng 8%, va s6 4o ban duoc tang thém 30%. S6 13i thu duoc cla thang 2 tang 1én so vdi

thang 1 1a 120S. Hoi gid vén cla 1 chiéc do |a bao nhiéu?

12. A horse ranch has a large stock tank whose bottom has a crack making the water flows out evenly.

12



13.

14.

15.

16.

Water is filled to the brim of the tank so that 3 horses can drink from it in 8 days; 5 horses in 6 days.
How many days can 8 horses drink from the tank when the crack is patched up?

Mot trang trai cé6 mot bé chira nudc. BE bi nit & dwdi ddy nén mdi ngay cé mot lvgng nudce chay ra
nhu nhau. Khi bé day nudc thi 3 con ngua cé thé udng trong vira ding 8 ngay nhwng 5 con ngua thi
chi udng duoc trong vira ding 6 ngay. Néu vét nirt dugc bit lai va bé dugc d6 day nudc thi 8 con

ngua sé udng hét nwdc trong bao nhiéu ngay?

In the puzzle: FOUR + FIVE = NINE, each identical letter represents the same digit while different
letters represent different digits. What is the least possible four-digit number that NINE represents?
Trong phép toan sau: FOUR + FIVE = NINE, mbi mdt chi¥ ci gidng nhau biéu dién mot chit s8 giéng
nhau, mdi chit cai khac nhau biéu dién mot chit s6 khac nhau. Hai gia tri bé nhat ma NINE cé thé

nhan duoc la bao nhiéu?

In the figure, both AABC and ACDE are isosceles right-angled
triangle with hypotenuse BC = 7cm, CE = 14cm. It is known that

the intersection point of AE and BD is point O, find the area of the B

shaded region in cm?.

Trong hinh sau, cac tam gidc ABC va CDE déu la tam gidc vudng can vdi canh huyén BC=7cm,

CE=14cm. Biét rang O |a giao diém cla AE va BD. Tim dién tich clia phan bj gach chéo theo cm?.

Find the least multi-digit number which contains a string "20" and also a string "17". It is a multiple
of 20 and also a multiple of 17.
Tim s6 bé nhat sao cho trong s6 do6 cé xuat hién thanh phan “20” va “17” va déng thoi sé dé chia

hét cho 20 va 17.

Seven circles are connected using lines as shown. Each circle is painted such
that every two endpoint circles in each line segment are painted different
colors. Using three distinct colors, how many ways can these circles be

painted?

13



7 hinh tron dugc ndi véi nhau theo hinh vé sau. Mdi hinh tron dwoc té mau sao cho cac hinh tron &
hai dau cia doan thang dwoc son mau khac nhau. S& dung 3 mau khac nhau, hoi ¢ bao nhiéu cach

t6 mau cac hinh tron?

C. Problem Solving. (Each problem is worth 10 points for a total of 20 points. Simplified Solution of

17.

18.

each problem is a must and it worth 4 are points)

Odd Positive Integers are arranged according to a certain pattern as 41 @ 45 47 49 51
shown in the table. Arrange all those integers inside the circle in 39 13 @ 17 19 53
increasing order then (a) what is the 20™ integers? (b) what is the sum 3711 1 ® 2155

of the first 20" integers? 359 7 5 @57
33 31 29 27 25 ®

- 61

C4c s6 nguyén duong 1é duoc sap x&p theo mot quy luat nhat dinh
theo bang & hinh bén. Sap xép tat ca cac s& nguyén & trong cac hinh tron

thanh mét day theo th ty tang dan.

a) S6 nguyén thi 20 trong d3y |3 s6 nao?

b) Téng cla 20 sé nguyén dau tién trong ddy la bao nhiéu?

Roy and Sam left City A to City B; and at the same time Terry left City B to City A. After 15 minutes
Roy met Terry, and after 1 minute, Sam met Terry. Then, the three of them went traveling between
city A and city B. It is known that Roy’s speed is 48 m per min and Sam's speed is 42 m per min. What
is the distance (in meters) between Roy and Sam’s meeting on the fifth time with Sam and Terry’s
meeting on the fifth time?

Roy va Sam r&i thanh phd A dén thanh phd B cung mot thoi diém véi Terry rdi thanh phé B dén
thanh phé A. Sau 15 phut, Roy gdp Terry va 1 phut sau Sam gap Terry. Sau d6, ba ngudi ho di qua
lai gitta hai thanh phd A va B. Biét rang van t&c clia Roy |a 48 m/phut va van téc cla Sam 13 42
m/phut. Tinh khodng céch (don vi mét) gitra diém gdp lan thit 5 cda Roy va Sam va diém gép lan

th&r 5 cha Sam va Terry.

END No.02
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No.03

Taiwan International

Mathematics Competition 2012

In how many ways can 20 identical pencils be distributed among three girls so
that each gets at least 1 pencil?

On a circular highway. one has to pay toll charges at three places. In clockwise
order. they are a bridge which costs $1 to cross. a tunnel which costs $3 to pass
through. and the dam of a reservoir which costs $5 to go on top. Starting on the
highway between the dam and the bridge. a car goes clockwise and pays
toll-charges until the total bill amounts to $130. How much does it have to pay
at the next place if he continues?

When a two-digit number is increased by 4. the sum of its digits is equal to half
of the sum of the digits of the original number. How many possible values are
there for such a two-digit number?

In the diagram below, OAB is a circular sector with O4 = OB and ZAOB =30°.
A semicircle passing through A is drawn with centre C on OA. touching OB at
some point 7. What is the ratio of the area of the semicircle to the area of the
circular sector OAB?

15




E. ABCD is a square with total area 36 cm’. F is the midpoint of AD and E is the
midpoint of FD. BE and CF intersect at G. What is the area. in cm?, of triangle
EFG?

B €

G

A F B D

6. In avillage. friendship among girls is mutual. Each girl has either exactly one
friend or exactly two friends among themselves. One morning. all girls with two
friends wear red hats and the other girls all wear blue hats. It turns out that any
two friends wear hats of different colours. In the afternoon. 10 girls change their
red hats into blue hats and 12 girls change their blue hats into red hats. Now 1t
turns out that any two friends wear hats of the same colour. How many girls are
there in the village? (A girl can only change her hat once.)

The diagram below shows a 7 = 7 grid i which the area of each unit cell (one of
which is shaded) is 1 em?. Four congruent squares are drawn on this grid. The
vertices of each square are chosen among the 49 dots. and two squares may not
have any point in common. What is the maximum area. in cnr’, of one of these
four squares?

L] - - L] L] - L

8. The sum of 1006 different positive integers is 1019057. If none of them 1s
greater than 2012, what is the minimum number of these integers which must be
odd?

16



9.  The desks in the TAIMC contest room are arranged in a 6 = 6 configuration.
Two contestants are neighbours if they occupy adjacent seats along a row. a
column or a diagonal. Thus a contestant in a seat at a corner of the room has 3
neighbours. a contestant in a seat on an edge of the room has 5 neighbours. and a
contestant in a seat in the nterior of the room has 8 neighbours. After the contest.
a contestant gets a prize if at most one neighbour has a score greater than or
equal to the score of the contestant. What 1s maximum number of prize-winners?

10. The sum of two positive integers is 7 times their difference. The product of the
same two numbers 1s 36 times thewr difference. What 1s the larger one of these
two numbers?

11. In a competition. every student from school A and from school B i1s a gold
medalist. a silver medalist or a bronze medalist. The number of gold medalist
from each school is the same. The ratio of the percentage of students who are
gold medalist from school A to that from school B is 5:6. The ratio of the
number of silver medalists from school A to that from school B is 9:2. The
percentage of students who are silver medalists from both school is 20%. If 50%
of the students from school A are bronze medalists. what percentage of the
students from school B are gold medalists?

, . 5 : .
12. We start with the fraction = In each move. we can either increase the
numerator by 6 or increases the denominator by 5. but not both. What is the

. . 5 :
minimum number of moves to make the value of the fraction equal to ‘ again?

13. Five consecutive two-digit numbers are such that 37 1s a divisor of the sum of
three of them, and 71 is also a divisor of the sum of three of them. What 1s the
largest of these five numbers?

14. ABCD is a square. M is the midpoint of 48 and N is the midpoint of BC. Pis a
point on CD such that CP=4 ¢m and PD = 8§ cm. @ is a point on DA such that
DQ =3 cm. O is the point of intersection of MP and NQ. Compare the areas of
the two triangles in each of the pairs (QOM. QAM). (MON. MBN). (NOP. NCP)
and (POQ. PDQ). In cm’, what is the maximum value of these four differences?

A M B
N"

0

D P C

17



15. Right before Carol was born, the age of Eric is equal to the sum of the ages of
Alice, Ben and Debra, and the average age of the four was 19. In 2010, the age
of Debra was 8 more than the sum of the ages of Ben and Carol, and the average
age of the five was 35.2. In 2012, the average age of Ben, Carol, Debra and Eric
is 39.5. What is the age of Ben in 20127

END No.03
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No. 04

International Mathematics and Science Olympiad 2014

SHORT ANSWER PROBLEMS

(1) Calculate 9+99+999+9999+99999+999999+9999999+99999999+999999999.

(2) The income of a taxi driver is the sum of the regular salary and some tips. The
tips are 5/4 of his salary. What is the fraction of his income which comes from his
tips?

(3) The base of a large triangle is two times the altitude of a small triangle, and
the altitude of the large triangle is three times the base of the small triangle.
What is the ratio of the area of the large triangle to the area of the small triangle?

(4) In an election, only 80% of people planned to vote. However only 85% of
those who planned to vote actually vote. What is the percentage of the people
who actually vote?

(5) INTERNUTS company offers internet service with an initial payment of
300000 rupiahs and a monthly fee of 72000 rupiahs. Another company,
VIDIOTS, offers internet service with no initial payment but a monthly fee of
90000 rupiahs. Johnny prefers INTERNUTS company. What is the minimum
number of months he should subscribe in order to pay less than the
subscription with VIDIOTS company?

(6) Twelve identical squares are put together in a 6 x 2 configuration to form a
rectangle. If the perimeter of each square is 6 cm, what is the perimeter of the
rectangle?

(7) The sum of two 2-digit numbers is also a 2-digit number. What is the
maximum value of the product of those three 2-digit numbers?

(8) How many positive integers less than 2014 such that the sum of the digits of
each is a multiple of 5?

(9) The diagram below shows two 3 x 4 pieces of paper, part of which is shaded. A student
copies both figures on the same 3 x 4 piece of paper. What is the fraction of this piece of
paper which is shaded?

19



(10) In total: Alice and Brian have 377 cards, Brian and Colin have 685 cards,
Colin and Alice have 546 cards. How many cards does Brian have?

(11) Write down six positive integers whose sum is 100 such that each integer
contains at least one digit 6.

(12) ABCD is a square piece of paper. M and N are the respective midpoints of AB
and CD. P is a point on AM such that if the piece of paper is folded along DP,
then A lands on a point Q on the segment MN. What is the degree of ZADP ?

(13) The sum of five different positive integers is 364, and the largest one is 95.
What is the maximum possible value of the smallest integer of these five
integers?

(14) Alice gives 1/4 of her apples to Brian and 1/3 of the remaining apples toColin.
The leftover apples of hers are worth 13500 rupiahs. What is the worth of Colin’s
apples received from Alice?

(15) ABCD is a rectangle with AD = 8 cm and CD = 12 cm. P is the point on CD
such that DP = AD and Q is the point on AD such that DQ = CP. What is the
area of the quadrilateral ABPQ?

(16) Each pair of five positive integers is added, so there are ten sums, which are
110, 112, 113, 114, 115, 116, 117, 118, 120 and 121. What is the largest integer
among these five integers?

(17) What is the sum of all multiples of 6 each of which has exactly ten positive
divisors?

(18) What is the smallest positive integer which leaves remainders of 3, 4 and 5
when divided respectively by 5, 7 and 9?

(19) What is the remainder when 1 x 2 x 3 x - - - x 14 x 15 is divided by 1 + 2 + 3
+---+14 +157?

(20) We want to draw a number of straight lines such that for each square of a
chessboard, at least one of the lines passes through an interior point of the
square. At least how many lines we need for a 3 x 3 chessboard?

(21) Three children go on an 84 km trip. Each can walk at 5 km/h or ride a bicycle
at 20 km/h, but they only have two bicycles among them. At any moment, a
bicycle can take only one rider. Also, bicycles can safely be left on the

roadside. At least how many hours for all three children to finish the trip?

(22) An ant crawls along the surface of a 3 x 3 x 3 cube from one corner to the
farthest corner. It must travel along exactly 9 unit segments on the edges of
the cube or on the faces of the cube separating two 1 x 1 squares. How many
such routes are there?
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(23) Andy writes a positive integer using each of the digits 1, 2, 3, 4, 5, 6, 7, 8 and
9 exactly once. Any sequence of two adjacent digits in it forms an integer

which is divisible by either 7 or 13. Write down all possible integers that

Andy could write.

(24) In triangle ABC, the bisector of /B intersects CA at E and the bisector of
ZC intersect AB at F. If Z/BEF =24° and ZCFE =18°, what is the degree

of ZCAB ?

(25) ABC is a triangle such that AB=1cm and BC = 1.5 cm. D is a point on the
line through A parallel to BC, such that CD =4 cm. Write down all possible
integral values of the length of AD.

END No.04.
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No. 05.

Singapore-Asia Pacific
Mathematical Olympiad for Primary Schools
(Mock Test for APMOPS 2012)

1 Suppose that today is Tuesday. What day of the week will it bee 100 days from now?

2 Ariel purchased a certain amount of apricots. 90% of the apricot weight was water. She dried the
apricots until just 60% of the apricot weight was water. 15 kg of water was lost in the process.
What was the original weight of the apricots (in kg)?

3 Noticethat1 -2 =-1,1-(2-3) =2,and1 — (2 — (3 — 4)) = —2. What is the value of

(B N WG WA, |, SO ¢

4 You are preparing skewers of meatballs, where each skewer has either 4 or 6 meatballs on iL
Altogether you use 32 skewers and 150 meatballs. How many skewers have only 4 meatballs on
them?

5 The numbers 1,2,3,...,100 are written in a row. We first remove the first number and every
second number after that. With the remaining numbers, we again remove the first number and
every second number after that. We repeat this process until one number remains. What is this
number?

6 P and Q) are whole numbers so that the ratio P : () is equal to 2 : 3. If you add 100, 200 to cach
of P and Q, the new ratio becomes equal to 3 : 4. What is P?

7 The following figure consists of 3 smaller rectangles and a hexagon whose areas are 18 cm?, 80
cm?, 28 cm?, and 61 cm®. If all the side-lengths in centimetre of the rectangles and the hexagon
are integers, find the area of the shaded region.
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18

61

80

28

8 Suppose that a, and b are positive integers, and the four numbers
a+b,a—b,axb, a+b

are different and are all positive integers. What is the smallest possible value of a + b?

9 You are given a two-digit positive integer. If you reverse the digits of your number, the result is a
number which is 20% larger than your number. What is your number?

10 The number N = 111...1 consists of 2006 ones. It is exactly divisible by 11. How many zeros
are there in the quotient %‘?

11 This mock test, prepared by Binh from .HDS  centre in Hanoi, consists of 30 problems. Pupil
A gets a score that is an odd multiple of 5 and pupil B gets a score that is a even multiple of 7. The
mark of each problem is an integer and each of the two pupils’ score is an integer the difference of
which is 3 and sum is less than 100. Find the higher score of the pupils.

12 In a large hospital with several operating rooms, ten people are each waiting for a 45 minute
operation. The first operation starts at 8:00 a.m., the second at 8:15 a.m., and each of the other
operations starts at 15 minute intervals thereafter. When does the last operation end?

13 Each of the integers 226 and 318 have digits whose product is 24. How many three-digit positive
integers have digits whose product is 247
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14

15

16

17

18

19

20

A work crew of 3 people requires 20 days to do a certain job. How long would it take a work crew
of 4 people to do the same job if each of both crews works at the same rate as each of the others?

Each of the nine numbers 1, 2, .. ., 9 is to be placed inside the cell of the following 3 < 3 grid once.
The product of three numbers in each row and in each column is given: the product of numbers in
the first column is 35, the second column is 96, the product of three numbers in the first row is 54,
etc. Find the value of p + 4.

35 96 108
54
P 42
q (160

N is a whole number greater than 2. The six faces of a5 x 5 x N block of wood are painted red
and then the block cut into 25 N1 x 1 x lunit cubes. If exactly 92 unit cubes have exactly two
faces painted red, what is N?

Eleven people are in a room for a meeting. When the meeting ends, each person shakes hands with
each of the other people in the room exactly once. The total number of handshakes that occurs is
x. Find the value of x

Mark has a bag that contains 3 black marbles, 6 gold marbles, 2 purple marbles, and 6 red marbles.
Mark adds a number of white marbles to the bag and tells Susan if she now draws a marble at
random from the bag, the probability of it being black or gold is % The number of white marbles
that Mark adds to the bag is n. Find the value of n.

A number line has 40 consecutive integers marked on it. If the smallest of these integers is “11,
what is the largest?

If I add 5 to % of the number, the result 1s 12 of the number. What 1s the number?

21 If n is a positive inter such that all the following numbers are prime, find the value of n.

Sn—-7,3n—4, 7n+3, 6n+1, 9n + 5.
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22 The diagram below shows a trapezium with base AB and CD, tABC = 55°. E is inside the
trapezium such that AE bisects angle BAD and ED bisects angle ADC. If the measure of ZDAE
is x°, find the value of x.

A

D

23 Let |a] denote the integer not exceeding a. If 1 is a whole number, n > 2, find |p

LR B
P=™ ™3 T

24 How many numbers are there that appear both in the arithmetic sequence 10, 16, 22, 28, ...,1000
and the arithmetic sequence 10, 21, 32, 43, ..., 10007

25 The whole numbers from the set {1, 2, 3, ...,2020} are arranged in the following manner.
1
2 3
4 5 6
7 8 9 10
11 12 13 14
15 16 17 18 19
20 21 22 23 24 25

What is the number that will appear directly below the number 20127

Answer Key
Question | Answer Question | Answer Question | Answer
I Thursday 11 28 21 30
2 20 12 11AM 22 90°
3 -50 13 21 23 1
4 21 14 15 24 16
3 64 15 6 25 2075
6 200 16 19 26 50
7 20 17 55 27 200 m*
8 8 18 4 28 -
9 45 19 28 29 2000
10 1002 20 30 30 29381654729
END No.05
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No.06

!_d

A

UK INTERMEDIATE MATHEMATICAL CHALLENGE
THURSDAY 1ST FEBRUARY 2018

Which of these is the sum of the cubes of two consecutive integers?
A4 B9 C 16 D 25 E 36

How manv of these four integers are prime?

1. 11 111 1111
AUD B 1 C.2 D3 E 4

In September 2016 a polvmer £3 note was introduced. The Bank of England issued 440
million of them.
What is the total face value of all these notes?

A £220 000 000 B £440 000 000 C £2 200 000 000
D £4 400 000 000 E £22 000 000 000

A ate 15 made by joining two congruent 1sosceles friangles. as
shown

What is the value of x?
A 36 B 34 C a0 B2 E 80

The adult human body has 206 bones. Each foot has 26 bones.

Approximately what fraction of the number of bones in the human body 1s found in one foot?
1 1 1 1 1
A3 53 ‘1o ° 0 F %

In 2014, in Boston, Massachusetts, Eli Bishop set a world record for the greatest number of
claps per minute. He achieved 1020 claps in one mimuite.

How many claps 1s that per second?
A 17 B 165 C 16 D 155 E 15
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10.

11.

14.

How many two-digit squares have the property that the product of their digits is also a square?
AD B 1 c 2 D3 E 4

The diagram shows a square of pennmeter 20 cm inscribed mside a
square of perimeter 28 co
What is the area of the shaded triangle?

Afew B 7em?! C 8em DO9em? E 10 em? //

3 n 2
1 i 1 e S g
Which infeger » safisfies 10 < 0 < 5]

A3 B 4 cCs5 D6 E:T

Which of these integers cannot be expressed as the difference of two squares?
A5 B7 C§ Do E 10

The diagram shows a regular hexagon which has been divided into
six regions by three of its diagonals. Two of these regions have
been shaded. The total shaded area is 20 cm”.

‘What 1s the area of the hexagon?

A40cm® B 48cem? € S2em? D 54 em? E 60 cm?

Someone has switched the numbers around on Harry’s calculator! 789| 987
The numbers should be in the positions shown i the left-hand 456| 654
diagram, but have been switched to the positions in the right-hand | 321
diagram.

Which of the following calculations will not give the correct answer when Harry uses his
calculator?

A T9 x 97 B 78 x 98 C 147 » 369 D 123 x 321 E 159 x 951

The diagram shows a thombus and two sizes of regular hexagon.

‘What 1s the ratio of the area of the smaller hexagon to the area of
the larger hexagon?

Al:2 Bl1:3 C1l:4 D1:8 E 129

: : 10 9
Which of these 1s equal to o + 5 ?

Al B 2 C 2.01 B2 K 23
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15.

16.

17.

18.

19,

How many of these four shapes could be the shape of the region where two triangles overlap?
equilateral triangle square regular pentagon regular hexagon

AD B 1 e 2 D3 E 4

The diagram shows a triangle with edges of length 3, 4 and 6.
A circle of radius 1 15 drawn at each vertex of the tnangle.
What is the total shaded area?

K% BE o I8 g
4 2 4

How many three-digit numbers are increased by 99 when their digits are reversed?

A4 B 3B C 10 D 80 E 90

The diagram shows a regular pentagon and an equilateral triangle
placed inside a square.

What 1s the value of x7
A 24 B 26 C 28 D 30 E 32

The three rectangles shown below all have the same area.

x + 4 X+ 8

X
What 1s the value of x + y?
A4 B 6 C 8 D 10 E 12

A particular integer 1s the smallest multiple of 72, each of whose digits 1s either 0 or 1.
How many digits does this integer have?

A4 B 6 C 28 D 10 E:12
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21. For certain values of x_ the list . x + 6 and x? contains just two different numbers.
How many such values of x are there?

Al B 2 =3 D4 ES5

edge to make an L-shape. The L-shape is placed inside a rectangle

22. Three squares, with side-lengths 2_ are placed together edge-to-
so that all five vertices of the L-shape lie on the rectangle. one of “

them at the nuidpoint of an edge, as shown.
What is the area of the rectangle?

A 16 B 18 C 20 D 22 E 24

23, The diagram shows a hexagon All the interior angles of the
hexagon are 120". The lengths of some of the sides are indicated. 4

What is the area of the hexagon?

A20W3 B 21W3 C 223 D 213 E 2443 .

24. A list of 5 positive integers has mean 5, mode 5, median 5 and range 5.
How many such lists of 5 posifive integers are there?

Al B 2 C 3 D 4 E-5
25. The diagram shows two equilateral triangles. The distance from

each point of the smaller triangle to the nearest pont of the larger
triangle is /3, as shown. 3
‘What 1s the difference between the lengths of the edges of the two
triangles?
A 233 B 4 C3x3 Des E 43

END. No6
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No. 07.

AMC -8

Problem 1

How many square yards of carpet are required to cover a rectangular floor that is 12 feet
long and 9 feet wide? (There are 3 feet in a yard.)

(A) 12 (B) 36 (C) 108 (D) 324 (E) 972
Problem 2

Point O is the center of the regular octagon ABCDEFGH, and X is the midpoint of
the side AB.What fraction of the area of the octagon is shaded?

11 3 13 7 15
(A) 3 (B) 3 (C) 3 (D) 6 (E) 3
Problem 3

Jack and Jill are going swimming at a pool that is one mile from their house. They leave
home simultaneously. Jill rides her bicycle to the pool at a constant speed of 10 miles
per hour. Jack walks to the pool at a constant speed of 4 miles per hour. How many
minutes before Jack does Jill arrive?

(A) 5 (B) 6 (C) 8 (D) 9 (E) 10
Problem 4

The Centerville Middle School chess team consists of two boys and three girls. A
photographer wants to take a picture of the team to appear in the local newspaper. She
decides to have them sit in a row with a boy at each end and the three girls in the
middle. How many such arrangements are possible?

(A) 2 (B) 4 (C) 5 (D) 6 (E) 12
Problem 5

Billy's basketball team scored the following points over the course of the first 11 games
of the season:

42, 47,53, 53,58, 58, 58, 61, 64, 65, 73

If his team scores 40 in the 12th game, which of the following statistics will show an
increase?

(A) range (B) median (C) mean (D) mode (E) mid-range
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Problem 6

In AABC, AB = BC = 29, and AC = 42 What is the area of AABC?
(A) 100 (B) 420 (C) 500 (D) 609 (E) 701
Problem 7

Each of two boxes contains three chips numbered 1, 2, 3. A chip is drawn randomly from
each box and the numbers on the two chips are multiplied. What is the probability that
their product is even?

5
@W; ®: ©F @5 ®;

Problem 8

What is the smallest whole number larger than the perimeter of any triangle with a side
of length 5 and a side of length 19?

(A)24 (B)29 (C)43 (D) 48 (E) 57
Problem 9

On her first day of work, Janabel sold one widget. On day two, she sold three widgets.
On day three, she sold five widgets, and on each succeeding day, she sold two more
widgets than she had sold on the previous day. How many widgets in total had Janabel
sold after working 20days?

(A) 39 (B) 40 (C) 210 (D) 400 (E) 401
Problem 10

How many integers between 1000 and 9999 have four distinct digits?
(A) 3024 (B) 4536 (C) 5040 (D) 6480 (E) 6561
Problem 11

In the small country of Mathland, all automobile license plates have four symbols. The
first must be a vowel (4, £, I, O, or U), the second and third must be two different
letters among the 21 non-vowels, and the fourth must be a digit (0 through 9). If the
symbols are chosen at random subject to these conditions, what is the probability that
the plate will read "AM C8"?

(A) 55050 ®

Problem 12

How many pairs of parallel edges, such as AB and GH or EH and F'G, does a cube
have?

1
050 3100 P Tos0

(C)

21, 000
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(A)6 (B)12 (C)18 (D) 24 (E) 36
Problem 13

How many subsets of two elements can be removed from the
set {1,2,3,4,5,6,7,8,9,10, 11} 50 that the mean (average) of the remaining
numbers is 6?

A)r B2 ((©)3 M5 (E)S6
Problem 14

Which of the following integers cannot be written as the sum of four consecutive odd
integers?

(A)16 (B)40 (C)72 (D)100  (E) 200
Problem 15

At Euler Middle School, 198 students voted on two issues in a school referendum with
the following results: 149 voted in favor of the first issue and 119 voted in favor of the
second issue. If there were exactly 29 students who voted against both issues, how
many students voted in favor of both issues?

(A)49 (B)70 (C©)79 (D)99 (E) 149
Problem 16

In a middle-school mentoring program, a number of the sixth graders are paired with a
ninth-grade student as a buddy. No ninth grader is assigned more than one sixth-grade
1 2

buddy. If 3 of all the ninth graders are paired with 5 of all the sixth graders, what fraction
of the total number of sixth and ninth graders have a buddy?

2 4 11 3 11
(A) R (B) 11 (C) 30 (D) 3 (E) 'R
Problem 17

Jeremy's father drives him to school in rush hour traffic in 20 minutes. One day there is
no traffic, so his father can drive him 18 miles per hour faster and gets him to school
in 12 minutes. How far in miles is it to school?

(A) 4 (B) 6 (C) 8 (D) 9 (E) 12
Problem 18

An arithmetic sequence is a sequence in which each term after the first is obtained by
adding a constant to the previous term. For example, 2,9, 8, 11, 14 is an arithmetic
sequence with five terms, in which the first term is 2 and the constant added is 3. Each

32



row and each column in this 5 X 5 array is an arithmetic sequence with five terms. What
is the value of X?

I 25

17 81
(A) 21 (B) 31 (C) 36 (D) 40 (E) 42
Problem 19

A triangle with vertices as A= (17 3), B = (57 1), and C = (4, 4) is plotted on
a6 x 5 grid. What fraction of the grid is covered by the triangle?

‘A

>z

1 1 1 1 1
(A) 3 (B) 3 (C) 1 (D) 3 (E) 3
Problem 20

Ralph went to the store and bought 12 pairs of socks for a total of $24. Some of the
socks he bought cost $1 a pair, some of the socks he bought cost $3 a pair, and some
of the socks he bought cost $4 a pair. If he bought at least one pair of each type, how
many pairs of $1 socks did Ralph buy?

A4 @B)5 ()6 (D)7 (E)8
Problem 21

In the given figure hexagon ABCDEF'is equiangular, ABJI and FEHG are
squares with areas 18 and 32 respectively, AJ BK is equilateral and F'E = BC.
What is the area of AK BC?

I J

18 K

(A)6vV2 B)9 (C)12 (D)2 (E) 32
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Problem 22

On June 1, a group of students are standing in rows, with 15 students in each row. On
June 2, the same group is standing with all of the students in one long row. On June 3,
the same group is standing with just one student in each row. On June 4, the same
group is standing with 6 students in each row. This process continues through

June 12 with a different number of students per row each day. However, on June 13,
they cannot find a new way of organizing the students. What is the smallest possible
number of students in the group?

(A) 21 (B) 30 (C) 60 (D) 90 (E) 1080
Problem 23

Tom has twelve slips of paper which he wants to put into five cups labeled A, B, C, D
, 2. He wants the sum of the numbers on the slips in each cup to be an integer.
Furthermore, he wants the five integers to be consecutive and increasing from A to E.
The numbers on the papers are 2,2,2,2.5,2.5,3,3,3,3,3.5,4,and 4.5. If a slip
with 2 goes into cup £ and a slip with 3 goes into cup B, then the slip with 3.5 must go
into what cup?

(A)A BB ()¢ (D)D (E)FE
Problem 24

A baseball league consists of two four-team divisions. Each team plays every other team
in its division NV games. Each team plays every team in the other division M games
with N > 2M and M > 4. Each team plays a 76-game schedule. How many games
does a team play within its own division?

(A)36 (B)48 (C)54 (D)60 (E) 72
Problem 25

One-inch squares are cut from the corners of this 5 inch square. What is the area in
square inches of the largest square that can be fitted into the remaining space?

(A)9  (B) 12% (C)15 (D) 15% (E) 17

1. A 6. B 11.B 16.B 21.C
2. D f E 12.C 17.D 22.C
3. D 8. D 13.D 18.B 23.D
4. E 9 D 14.D 19.A 24 B
5 A 10.B 15.D 20.D pE s B

END No.07.
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No.08 AUSTRAL AMC - 2017

Junior Division

Questions 1 to 10, 3 marks each

The value of 24+ 0+ 1+ T is
(A) 10 (B) 19 (C) 37 (D) 208 (E) 2017

What is the value of = in the diagram?
(A) 20 (B) 70 (C) 80
(D) 110 (E) 160

This rectangle 1s 3.2 m wide and 3m tall. Its area is
(A) 9.6 m? (B) 15 m? (C) 90.6 m?
(D) 9.2m? (E) 6.5m? dm

3.2m

Starting with 13, and counting by fives, you count 13, 18,23, and so on. Which one
of the following numbers will be one of the numbers you count?

(A) 47 (B) 48 (C) 49 (D) 50 (E) 51

| -

0.

What fraction of these circles are shaded? . . . O
1 1 2 3 9
Wi wioef o 0l oelg

L O [
@ [ [

Of the followng, which digit could be put in the box to make this three-digit number

divisible by 37

il

(A) 1 (B) 3 (C) 6 (D) 8 (E) 9
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7. A pump runs for 150 minutes, using 8 litres of biodiesel. For how many hours can it

run with 32 litres of biodiesel?

(A) 6 (B) 7 (C) 8 (D) 10 (E) 12
8. Jonah returned from the shop with a bag carrying 780 g of fish, 1.35 kg of vegetables,

and 680 g of fruit for his mother, The bag itself weighed 150g. The total weight, in

kilograms, that Jonah carried was

(A) 1.745 (B) 2 (C) 2.81 (D) 2.96 (E) 3
9. 1000% of 1 1s

(A) 01 (B) 1 (C) 10 (D) 100 (E) 1000
10. Which one of the following numbers could be put in the box to make the fraction

between 7 and 87

(43
6
(A) 47 (B) 25 (C) 32 (D) 37 (E) 41
Questions 11 to 20, 4 marks each

11. Alice is playing with words. At each tick of her grandfather’s clock she swaps two

letters. What is the smallest number of clock ticks during which she can change

WORDS to SWORD?

(A) 3 (B) 4 (C) 6 (D) 7 (E) 8
12. This pinwheel star 1s formed by rotating a nght-angled triangle

around one of its corners. What 1s the angle at each of the nine

tips that are marked with dots?

(A) 30° (B) 40° (C) 45° ﬂ‘

(D) 50° (E) 60°
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13. I have twelve paint tins each capable of holding twelve litres. Half of them are half

full. A third of them are a third full. The rest are one-sixth full. How many litres of
paint do I have in total?

(A) 48 (B) 50 (C) 52 (D) 54 (E) 56

14.

How many ways are there of placing a single 3 x 1

rectangle on this grid so that i1t completely covers three

grid squares?

(A) 34 (B) 28 (C) 56
(D) 40 (E) 10

. The time 2017 minutes after 10 am on Tuesday is closest to

(A) 7.30 pm Tuesday (B) 7.30 am Wednesday (C) 7.30 pm Wednesday
(D) 7.30 am Thursday (E) 7.30 pm Thursday

16.

The bottom and left side of this triangle are divided
mto 4 equal parts by the diagonal lines. What fraction

of the large triangle is shaded?
5 1 " 3
(a) 2 @) 1 ()3
2 oy
(D) 3 (E)
17. Each of the fractions %, %, % 15 1n 1ts simplest form. Which of the following could

be the value of n?

(A) 24 (B) 25 (C) 26 (D) 27 (E) 28
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18. The whole numbers from 1 to 7 are to be
placed in the seven circles in the diagram. In
each of the three triangles drawn, the sum of
the three numbers 1s the same.

Two of the numbers are given.

What 18 X +Y7

(A) 5 (B) 6 (C) 7
(D) 8 (E) 9

19. Farhad, Greg and Huong were dismanthing their marble madness machine and had
2017 marbles to share. They split them so that Farhad had exactly twice as many as

Greg, and Greg had twice as many as Huong, with as few left over as possible. How

many marbles were in Farhad's share?

(A) 1008 (B) 504 (C) 288 (D) 1344 (E) 1152
20. Whole numbers greater than 1 are arranged in ‘ A | B | C ‘ D | E |
a table in the pattern shown. In which column 51314
will the number 501 be found? ET 67
(A) A (B) B (C)C (D) D (E) E ST a0
11. 112 | 13
14 | 15| 16
17 |18 | 19
Questions 21 to 25, 5 marks each
21. Two rectangles overlap to create three &
regions, each of equal area. The orig-
mal rectangles are 6cm by 15cm and
10cm by 9cm as shown. The sides of g
the smaller shaded rectangle are each
a whole number of centimetres. 9
What 1s the perimeter of the smaller
shaded rectangle, in centimetres?
(A)24 (B) 28 (C)30 (D)32 (E) 36
10
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. A number is a palindrome if it reads the same forwards as backwards. The number

131131 is a palindrome; also the first pair of digits (13), the middle pair of digits
(11) and the last pair of digits (31) are prime numbers. How many such 6-digit
palindromes are there?

(A) 8 (B) 9 (C) 10 (D) 11 (E) 12

23.

A triangular prism is to be cut into two pieces with
a single straight cut. What 1s the smallest possible
total for the combined number of faces of the two

pieces?
(A) 6 (B) 8 (C) 9
(D) 10 (E) 11
24. Tke and Seb were arguing over how 120mL of soft drink had been shared between

them.

To settle the arsument, their dad poured one-third of Tke's drink into Seb's glass,
and then he poured one-third of Seb’s drink back into Ike’s glass. Now they have an
equal amount.

How much soft drink did Tke originally have compared to Seh?

(A) 60 mL less (B) 30mL less (C) the same
(D) 30 mL more (E) 60 mL more

5. A 3 x 3 grid has a pattern of black and white squares.

A pattern 1s called balanced if each 2 x 2 subgrid contains
exactly two squares of each colour. as seen in the first example.

The pattern in the second example 15 unbalanced because the

bottom-right 2 x 2 subgrid contains three white squares. balanced
Counting rotations and reflections as different, how many bal-
anced 3 x 3 patterns are there?
(A) 2 (B) 7 (C) 10 (D) 14 (E) 18
unbalanced
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For questions 26 to 30, shade the answer as an integer from 0 to 999
in the space provided on the answer sheet.

Question 26 is 6 marks, question 27 is 7 marks, question 28 is 8 marks,
question 29 is 9 marks and question 30 is 10 marks.

26. All of the digits from 0 to 9 are used to form two 5-digit numbers. What 1s the
smallest possible difference between these two numbers?

27. A jgsaw piece is formed from a square with a combination of ‘tabs’ and ‘slots’ on at
least two of its sides.

Pieces are either corner, edge or interior, as shown.

corner piece edge piece interior piece
(two straight sides at right angles) (one straight side) (no straight sides)

We treat two shapes as the same if one is a rotation of the other, without turning it
over. How many different shapes are possible?

28. The reverse of the number 129 15 921, and these add to 1050, which is divisible by 30.
How many three-digit numbers have the property that, when added to their reverse,
the sum 1s divisible by 307

29. I have a large number of toy soldiers, which [ can arrange into a rectangular array
consisting of a number of rows and a number of columns. I notice that if [ remove
100 toy soldiers, then I can arrange the remaining ones into a rectangular array with
5 fewer rows and 5 more columns.

How many toy soldiers would I have to remove from the original configuration to be

able to arrange the remaining ones into a rectangular array with 11 fewer rows and
11 more columns?

30. Mike multiplied at least two consecutive integers together. He obtained a six-digit
number N. The first two digits of N are 47 and the last two digits of N are 74. What
15 the sum of the mtegers that Mike multiplied together?

End. No. 08.
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. Let z,y and z be real numbers satisfying > y > 0 and z 7 0. Which of the inequalities

below is not always true?

(A) z4+2z2>y+z2 B) z—z>y—=z (C) zz>y=z (D) %+z>i—+z
(E) z2%> y2?

. If the radius of a circle is increased by 100%, the area is correspondingly increased by how

many percent?

(A) 50%  (B) 100%  (C) 200% (D) 300%  (E) 400%

. Ifa=+7b= v/90, find the value of v/6.3.

7b b—"Ta 10a ab
B e el

(A) (E) None of the above

1 1 9
+ + ,
1-¥5 14V5 1++6

A) -1 (B) 1 (C) -5 (D) V5 (E) None of the above

Find the value of

. Andrew, Catherine, Michael, Nick and Sally ordered different items for lunch. These are

(in no particular order): cheese sandwich, chicken rice, duck rice, noodles and steak. Find
out what Catherine had for lunch if we are given the following information:

Nick sat between his friend Sally and the person who ordered steak.

Michael does not like noodles.

The person who ate noodles is Sally’s cousin.

Neither Catherine, Michael nor Nick likes rice.

Andrew had duck rice.

OF phe 9 X B

(A) Cheese sandwich (B) Chickenrice (C) Duckrice (D) Noodles (E) Steak

6. At 2:40 pm, the angle formed by the hour and minute hands of a clock is z°, where
0 < z < 180. What is the value of z7

(A) 60°  (B) 8° (C) 100° (D) 120°  (E) 160°
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7. In the figure below, each distinct letter represents a unique digit such that the arithmetic
sum holds. If the letter L represents 9, what is the digit represented by the letter T?

A) 4 (® 5 (© 6 (@D 7 (® 8

8. A regular cube is to have 2 faces coloured red, 2 faces coloured blue and 2 faces coloured
orange. We consider two colourings to be the same if one can be obtained by a rotation
of the cube from another. How many different colourings are there?

(A 4 @B 5 (6 (D) 8 (B 9

9. In AABC, AB = AC, ZBAC = 120°, D is the midpoint of BC, and E is a point on AB
such that DE is perpendicular to AB. Find the ratio AE : BD.

(A) 1:2 (B) 2:3 (C) 1:v/3 (D) 1:2¢/3 (E) 2:3/3

10. How many ways are there to add four positive odd numbers to get a sum of 227
(A) 14 (B) 15 (C) 16 (D) 17 (E) 18

Short Questions

11. Successive discounts of 10% and 20% are equivalent to a single discount of 2%. What is
the value of z7

12. The diagram below shows the front view of a container with a rectangular base. The
container is filled with water up to a height of 6 cm. If the container is turned upside

down, the height of the empty space is 2 cm. Given that the total volume of the container
is 28 cm3, find the volume of the water in cm3.

2 cmi

6 cm
13. Let A be the solution of the equation
z—7 z—-8 z-10 =z-11
z—-8 z-9 z-11 z-12

Find the value of 6A.
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13.

14.

15.

16.

17.

18.

19.

20.

Let A be the solution of the equation

x—T
z—8

w—lO_:z:—ll
z—11 z-12

"
Find the value of 6A.

The sum of the two smallest positive divisors of an integer N is 6, while the sum of the
two largest positive divisors of NV is 1122. Find N.

Let D be the absolute value of the difference of the two roots of the equation 3z2 — 10z —
201 =0. Find |D|. :

If m and n are positive real numbers satisfying the equation
m + 4y/mn — 2v/m — 4y/n 4 4n = 3,

I+ 20/7 + 2014
2= om -0 fn *

find the value of

In the diagram below, 4BCD is a trapezium with AB || DC and ZABC = 90°. Points E
and F lie on AB and BC respectively such that ZEFD = 90°. If CD + DF = BC = 4,
find the perimeter of ABFE.

If p,q and 7 are prime numbers such that their product is 19 times their sum, find p? +
- T
qr £

John received a box containing some marbles. Upon inspecting the marbles, he immedi-
ately discarded 7 that were chipped. He then gave one-fifth of the marbles to his brother.
After adding the remaining marbles to his original collection of 14, John discovered that
he could divide his marbles into groups of 6 with exactly 2 left over or he could divide
his marbles into groups of 5 with none left over. What is the smallest possible number of
marbles that John received from the box?

Let N be a 4-digit number with the property that when all the digits of N are added to
N itself, the total equals 2019. Find the sum of all the possible values of N.
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21. There are exactly two ways to insert the numbers 1,2 and 3 into the circles

0<0-0
such that every order relation < or > between numbers in adjacent circles is satisfied. The

two ways are D< @> @ and @< @> @.

Find the total number of possible ways to insert the numbers 3, 14,15,9,2 ant'i 6 into t.he
circles below, such that every order relation < or > between the numbers in adjacent pairs

of circles is satisfied.
O-0-0-0<0<0.

22. Let ABCD be a square of sides 8 cm. If E and F are variable points on BC and CD

respectively such that BE = CF, find the smallest possible area of the triangle AAEF in

cm?.

D F

23. If a,b and c are non-zero real numbers satisfying a4 2b+ 3¢ = 2014 and 2a+43b+2¢ = 2014

2 12 .2
find the value of w,
ac+bc—ab

]

24. In the diagram below, AABC and ACDE are two right-angled triangles with AC = 24,
CE =7and ZACB = /CED. Find the length cf the line segment AE.

25. The hypotenuse of a right-angled triangle is 10 and the radius of the inscribed circle is 1.
Find the perimeter of the triangle.
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26. Let z be a real number satisfying (:1: + 1) = 3. Evaluate z° + —15
z x

27. For 2 < z < 8, we define f(z) = |z — 2| + |z — 4| — |2z — 6|. Find the sum of the largest
and smallest values of f(z). '

28. If both n and v/n2 + 204n are positive integers, find the maximum value of n.

29. Let N = abcd be a 4-digit perfect square that satisfies ab = 3 - cd + 1. Find the sum of all
possible values of N.

(The notation n = ab means that nis a 2-digit number and its value is given by n = 10a+b.)

30. Find the following sum:

R TR O SO NC T O
2 "3 4 5 - 29 3 45 29
3 . 3 3 27 927 28
+<Z+g++"‘+ﬁ)+"'+(’é—8-+E>+E.

31. If ax + by = 7, az® + by? = 49, az® + by® = 133, and az? + by = 408, find the value of
2014(z + y — zy) — 100(a + b).

32. For a > §, we define

3 a+1 /[8a—1 3 a+1 [8a-—1
g(a)—\/a+ 3 \/ 3 +\/a— 3 \/ 3

Find the maximum value of g(a).

33. In the diagram below, AD is perpendicular to AC and /BAD = /DAE = 12°. If
AB + AE = BC, find ZABC.
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34. Define S to be the set consisting of positive integers n, such that the inequalities

_9_< n <8
17 n+k 15

hold for ezactly one positive integer k. Find the largest element of S.

35. The number 22° has exactly 9 distinct digits. Which digit is missing?

SMO 2014 (Junior Section) Answers

L 1128 2110 31 5056
2 12 21 2224 3 1
£ A 14,935 2425 34 144
5.D 15.16 25. 22 35, 4
6.E 16. 2017 26. 0 (question is wrong as x is not reall) '
T.A 17.8 S s
8.C 18. 491 28. 2500
9D 19 52 29 2809
10.E 20. 4008 30. 203

End No. 09.
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Question 1. If
2016 =25+ 2% ... + 2™

then m is equal to

(A): 8 (B):9 (C): 10 (D): 11 (E): None of the above.

Question 2. The number of all positive integers = such that
n+ s(n) = 2016,

where s(n) is the sum of all digits of n, is

(A: 1 (B): 2 (C):3 (D): 4 (E): None of the above,

uestion 3. Given two positive numbers a. b such that a’ =+ B = a’ + b . then the
p : :
greatest value of M = a2 - b — abis

(A): = (B): = (C):2 (D): 1 (E): None of the above.

Question 4. A monkey mm Zoo becomes lucky 1if he eats three different fruats.
What is the largest number of monkeys one can make lucky, by having 20 oranges,
30 bananas, 40 peaches and 50 tangerimes? Justify your answer.

(A): 30 (B): 35 (C): 40 (D): 45 (E): None of the above.

uestion 5. There are positive integers x, y such that 3r2 +r = 492 + 4, and
P g Y Yy Y

(r —y) 1s equal to

(A): 2013 (B): 2014 (C): 2015 (D): 2016 (E): None of the above.

Question 6. Determine the smallest positive number a such that the number of
all integers belonging to (a,20164] is 2016.

Question 7. Nine pomts form a grid of size 3 x 3. How many triangles are there
with 3 vetices at these pomts?

Question 8. Find all positive mtegers x, y. z such that

P —(z4+y+2)7=@y+2)"+34
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Question 9. Let x,y, z satisfy the following inequalities

lr+2y—3z| <6
|l —2y+ 32/ <6
|# — 2y —3z] <6
lz+2y+32| <6

Determine the greatest value of M = |x| + |y| + |z].

Question 10. Let hy, hy, b and r be the lengths of altitudes and radius of the
inscribed circle of AABC, respectively. Prove that

ha + 4hs + Ohe = 36r.

Question 11. Let be given a triangle ABC, and let [ be the middle pomnt of BC.
The straight line d passing [ intersects AB, AC' at M, N, respectively. The straight
line d' (# d) passing [ intersects AB, AC at (), P, respectively. Suppose M, P are
on the same side of BC' and M P, NQ) mtersect BC' at E and F' respectively. Prove
that IE = [F.

Question 12. In the trapezoid ABCD, AB || C'D and the diagonals intersect at
0. The points P, are on AD, BC' respectively such that ZAPB = ZC'PD and
LAQB = ZCQD. Show that OP = 0OQ).

Question 13. Let H be orthocenter of the triangle ABC. Let dy,ds be lines
perpendicular to each-another at H. The line d; intersects AB, AC at D, E and the
line dy intersects BC' at F. Prove that H 1s the madpoint of segment DFE if and only
if F'1s the mudpoint of segment BC.

Question 14, Given natural numbers a, b such that 20154 + a = 2016b° + b. Prove
that v/a — b 1s a natural number.

Question 15. Find all polynomials of degree 3 with integer coefficients such that
f(2014) = 2015, f(2015) = 2016, and f(2013) — f(2016) is a prime number.

Hints and Solutions
Question 1. (C).
Question 2. (B): n = 1989, 2007.
Question 3. (D).
We have

ab(a® — )2 > 0 & 2% < ab® +a’be (@ + 00 < (a+b)(a®+b°). (1)
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Combining a® + b* = a® +5° and (1), we find
d+bP<a+bead+bP—ab< 1.

The equality holdsifa = 1,b = 1.

Question 4. (D).

First we leave tangerines on the side. We have 20 + 30 + 40 = 90 fruites. As
we feed the happy monkey is not more than one tangerine, each monkey eats fruits
of these 90 at least 2.

Hence, the monkeys are not more than 90/2 = 45. We will show how you can
bring happiness to 45 monkeys:

5 monkeys eat: orange, banana, tangerine;

15 monkeys eat: orange, peach, tangerine;

25 Monkeys eat peach, banana, tangerine.

At all 45 lucky monkeys - and left five unused tangerines!

Question 5. (E). Since x — y 15 a square.

We have 3x2 + =4y + y & (z —y)(Bz + 3y + 1) = ¢~

We prove that (r —y;3x +3y +1) = 1.

Indeed, if d = (x — y: 32 4 3y + 1) then 4 is divisible by d* and y is divisible by
d; z 18 divisible by d, 1.e. 1 1s divisible by d, 1.e. d = 1.

Since r — y and 3z + 3y + 1 are prime relative then x — y is a perfect square.

Question 6. The smallest integer greater than a is [a] + 1 and the largest integer
less than or is equal to 2016a is [2016a]. Hence, the number of all integers belonging
to (a,2016q] is [2016a] — [a].

Now we difine the smallest positive number a such that
[2016a] — [a] = 2016.

If 0 < a <1 then [2016a] — [a] < 2016.

If a > 2 then [2016a]| — [a] > 2016.

Let a = 1+ b, where 0 < b < 1. Then [a] = 1, [2016a] = 2016 + [2016b] and
[2016a] — [a] = 2015 + [2016b] = 2016 iff [2016b] = 1. Hence the smallest positive

number b such that [2016b0] =118 b= 3016,

15 a smallest positive number such that the number of all

Thus, a =1+ 3016
mtegers belonging to (a,2016a] is 2016.

Question 7. We divide the triangles into two types:

Type 1: Two vertices he in one horizontal line, the third vertice hes in another
horizontal lines.
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For this tvpe we have 3 possibilities to choose the first line, 2 posibilities to choose
2nd line. In first hne we have 3 possibilities to choose 2 vertices, in the second line
we have 3 possibilities to choose 1 vertex. In total we have 3 x 2 x 3 x 3 = 54
triangles of first type.

Type 2: Three vertices lie in distinct horizontal lines.

We have 3 x 3 x 3 triangles of these type. But we should remove degenerated
triangles from them. There are 5 of those (3 vertical lines and two diagonals). So,
we have 27 - 5 = 22 triangles of this type.

Total we have 54 4 22 = 76 triangles.

For those students who know about C¥ this problem can be also solved as C§ —8
where 8 i1s the number of degenerated triangles.

Question 8. Puttingy+z=a,ac Z, a> 2, we have
P —dd=(z+a+ 34 (1)
& (r—a) (1:2 + Ta + ag) =22 + 2az +a’ + 34. (2)

& (r—a— I}(r2+:ra-+ag} = ra+ 34.

Since z,a are integers, we have 72 + ra + a? > 0 and za + 34 > 0. That follow
r—a—1>01e.z—a=>2
This and (2) together imply

7?4+ 2ax+a® +34 > 2($2+xa+a2)¢>rﬁ+ﬂ2£34-

Hence 72 < 34 and = < 6.

On the other hand. z > a+ 2 > 4 then = € {4,5}.

If = 5, then from x? + a? < 34 it follows 2 < a < 3. Thus a € {2,3}.

The case of + = 5, a = 2 does not satisfy (1) for z = 5, a = 3, from (1) we find
y—l,ze=2gyg=22=1,

If z =4, then from the inequality x — a = 2 we find a < 2, which contradicts to

(1).
Conclusion: (z,y,z) =(5,1,2) and (z,y.2) = (5,2, 1).
Question 9. Note that for all real numbers a, b, ¢, we have
|al + [b] = max{|a + b], |a — [}
and
la] + 18] + |} = max{la+b+c|l.la+b—¢|,|Ja —b—c|,|a—b+c|}.

Hence
z

M = |z| + [y| + |2l < |z| +2Jy| + 32| = |=| + [2y] + |32]

} < 6.

=max{|lz+y+z|,|lz+ty—z,lz—y—z| |z —y+z
Thus max M =6 when z =16, y =z = 0.
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Question 10. Let a,b, ¢ be the side-lengths of AABC corresponding to hg, hy, he
and S be the area of AABC. Then

ahg =bhy =ch. =(a+b+¢) xr=28.

Hes 25 _85 _ 185
hg+4h, +9h,. = —=—
a b c
2 2 a2 2 2
— g 1 2_+‘3_ ;_:-25'—(1—'_2-'_3) :{a.+b+c}r—{1+2+3) = 36r.
a c at+b+tc at+b+e
The equality holds iffa: b:c=1:2:3 (it is not posible for a + b > ¢).
Question 11. Since I B = IC then it 1s enough to show % == %
A
M P
T E
c
F
Q

By Menelaus theorem:

- For AABC and three points E, M, P, we have

EB " BC . MA
EC™ PA  MB

then
EB F’A MBEB

EC PC’ MA
- For AABC and three points F, N, (), we have

FC_ QB NA
FB QA" NC

=11

then
FC NC Q A

FB NA QB
- For AABC and three points M, I, N, we have

MB NA IC
MA NC IB

=
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Compare with IB = IC' we find
MB NC
MA  NA
- For AABC and three pomts Q. I, P, we have

EKEX%_I
PC IB QA_

(3)

then PA 0A
LT it 4
PC OB )

Equalities (1), (2), (3) and (4) toghether imply IE = IF.

Question 12.

D c

Extending DA to B’ such that BB' = BA, we find /PB'B = /B'AB = /PDC
and then triangles g}};’f ; &{Cu"lDB’Pg Sre sif}li%ar.
’ ( ;
B —BE — BA - BO and so PO || BE'.

Since triangles DPQO and DB'B are similar, we have

It follows that

| . DO .. DO
(JP—BBXE—.’].B}(E

CO
Similarly, we have OQ = AB x CA and it follows OF = OQ).

Question 13. Since HD | HF, HA | FC and HC | DA,ZDAH = ZHCF
and JDHA = ZHFC, therefore the triangles DH A, H FC' are similar.

HA FC
Similarly, AEHA ~ AHFB, so HA- FB (2)
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F 1) and (2 l::t.'let:l1[]”1:_:—}‘_‘(;f
rom (1) and (2), obtain 70~ Fh

It follows H 1s mudpoint of the segment DE iff F' is midpoint of the segment BC.

Question 14. From equality
2015a% + a = 2016b6° + b, (1)

we find a > b.
If @ = b then from (1) we have a = b= 0 and v/a — b= 0.
If @ > b, we write (1) as

b? = 2015(a® — b) + (a — b) & b* = (a — b)(2015a + 20156 + 1). (2)

Let (a,b) = d then a = md, b = nd, where (m,n) = 1. Since a > b then m > n,
and put m—n=1¢> 0.

Let (t,n) = u then n is divisible by u, t is divisible by u and m is divisible by u.
That follows u = 1 and then (t,n) = 1.

Putting b = nd, a — b = td in (2), we find

n’d = t(2015dt + 4030dn + 1). (3)

From (3) we get n’d is divisible by ¢ and compaire with (£, n) = 1, it follows d is
divisible by #.

Also from (3) we get n?d = 2015d> 4 4030dnt 4t and then ¢t = n’d — 2015d¢* —
4030dnt.

Hence t = d(n® — 2015t> — 4030nt), i.e. ¢ is divisible by d, i.e. £ = d and then
a—b=td =d? and va — b = d is a natural number.

Question 15. Let g(z) = f(z) — = — 1. Then g(2014) = f(2014) — 2014 — 1 =0,
g(2015) = 2016 — 2015 — 1 = 0. Hence g(z) = (az + b)(x — 2014)(z — 2015) and

f(z) = (ax + b)(x — 2014)(z — 2015) +z + 1, a,be & a #0.
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We have f(2013) = 2(2013a + b) + 2014 and
f(2016) = 2(2016a + b) + 2017.
That follows
f(2013)— f(2016) = 2(2013a+b)+2014—[2(2016a+b)+2017] = —6a—3 = 3(—2a—1)
and f(2013) — f(2016) is prime iff —2a —1 =1, L.e. a = —1.
Conlusion: All polynomials of degree 3 with integer coefficients such that f(2014) =
2015, f(2015) = 2016 and f(2013) — f(2016) is a prime number are of the form

flz)=(b—x)(z —2014)(z — 2015) + =+ 1, be Z

End No.10.
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