CAC BAI TOAN NOI TIENG VE
DAY CATALAN

Ngo Thi Nha - Nguyén Van Lgi

Tém tat nodi dung

Bai bdo trinh bay nhitng bai todn dic trung vé day s6 Catalan, chi
ra moi quan hé mat thiét clia cac bai toan, va dua ra mot cach nhin méi
thong qua Bai toan 3.6 c¢6 tén goi kién hanh qudn. Véi cich nhin méi
nay, viec phat biéu bai todn Catalan trd nén ré rang hon, va bai toan
Catalan tong quat (cho nhiéu chiéu) duge trinh bay mot cach don gian.
Ching toi hy vong déng gép mot cach tiép can méi cho cac nghién ciu
md rong clia dé tai nay.

1 Day Catalan

Céc s6 Catalan (hay con goi 1a day Catalan) lan dau tien duge Leonard Euler
(1707 — 1783) quan tam dén khi ong nghién cttu van dé c6 bao nhiéu cach ¢6
thé chia mot da giac thanh cac tam gidc. Nhung tén ctia day nay lai thuoc
vé Eugene Charles Catalan (1814 - 1894) — mot nha toan hoc ngudi Bi khi
ong giai quyét thanh cong bai toan: c6 bao nhiéu cach dé déng ngodc va mé
ngodc mot day s6 khi thiyc hien phép tinh. Nam 1838, Catalan da phat hién ra
rang cac sé nay la 10i gidi chung ciia rat nhiéu bai toan tuéng ching xa la. Co6
nhitng bai dé ¢ dang nay thi vo cling phiic tap, nhung néu chuyén sang mot
dang ngon ngit khac, thi bai toan tré thanh don gidn (xem [1], [2], [3], [4] va
5)).
Dinh nghia 1.1. Ta goi day Catalan C), dugc dinh nghia bdi cong thitc truy
hoi

Cn=CCn—1)+CiCn —2)+---+Cmn —1)Cy,

Co - 1, Cl =1.
Dinh 1y 1.1. Ham sinh cua day Catalan dugc xac dinh nhu sau

Cz)=Co+Cix+---
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Ching minh. Ta cé

F(z) = Z Cr®
k=0

la ham sinh cta day Catalan. Khi do
F(z) = Co—l—ZCka:k = 1—1—20@’“
k=1 k=0

Mat khac, ta co

F?(x) = (Z Cra®)? = Zakaz ,
k=0 k=0
voi i
ap = Z CiCr—i = Ciq1
i=0
Suy ra
F?(z) = Z Criz” = — Z Chz®
k=0 k=1
Hay
Z Cra® = 2F?(z)
k=1
Do d6

Tu do ta duce
Flg) = ——W—— 1
()= =% (1)
hay
I+ V1= 4z @)
N 2x

Do biéu thitc (2) khong khai trién duge chudi lity thita tai = 0 nén ta dugc

1—+v1—-4x

F(x)

Fla)= 2z
la ham sinh ctia day Catalan. Dinh ly dugc ching minh. ]
Hé qua 1.2. Ding thic sau ding
_ 1
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Chitng minh. Ta khai trién ham F(r) = =“=% Theo dinh ly Newton md

2x
rong, ta co

Nhu vay,

—1

(1+x)2 = ng .

Mg

k:O
Thay x bdi (—4x) ta thu duge

1 - k .k
k=0

Ta c6
1 1 4x

Vi—dr -4z 1-4z

Vidz—

Ta suy ra

V1—dxr = f: Oy a* — dx i Cy o
=1+ ZCzkx — Z CFat !

=1+ i(]%x 4ZC§k Lk
k=1

o0

=1+ ) (Ch —4C5 )"
k=1
Mat khéac, ta co
_ (2k)! _
Cgk - 4C§k—12 = (k')? - 4C§k}2

_ (2k —2)!' (2k — 2)(2k) ok

(CENVIZE
L, (2k — 1)(2k) k1
= nglz((T —4)=-2 2;; 2,

Tu do ta suy ra

1—\/1—493 O§k12k1 5

2x k;
k=1




Vay, cong thiic tong quat ciia day Catalan la

1
Cp,=—-C5 n=012...
n+1

2 Cac bai toan lién quan dén day Catalan

Bai toan 2.1 (Bai toan ban c¢3). C6 bao nhiéu cach budc trén ban ¢ n x n
tr 6 phia dudi cling bén trai dén 6 trén ciing bén phai sao cho khong bao gio
budc qua han dusng chéo phu (méi lan budc chi c6 thé hodc lén 1 don vi |
hoac sang phai 1 don vi, khong bude lui hay sang trai)?

Loi gidi. Ta sé chiing minh bai nay bang hai cach. Ki hieu H, 1a sd cach di
tlt toa do (0,0) dén (n,n) theo dung diéu kién clia bai toan — khong vuot qua
duong chéo chinh.

Céch thi nhat.Ching minh H,, = C,,. Ta c6
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Hinh 1: Hinh minh hoa Bai toan 2.1
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Hy=1,H, =1,Hy, =2, Hy =5, H; = 14. Ta sé chting minh bang quy nap.
Gia sit bai toan dung dén n, ttc 1a

H,=HyH, 1+ HH, o+ -+ H, 1H.
Ta phai chitng minh déng thiic cling ding véi n + 1, tidc 1a

Hn+1 - HOHn—l + -+ HnHO
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Truong hop 1. Khi di chuyén giita ching khong bao gi cham vao duong chéo
chinh. Khi d6 budc di dau tién phai la (0,0) — (1,0) va budc di cudi cing phai
la (n+1,n) = (b+1,n 4 1). Trong khoéng hai budc nay tinh trang chuyén
dong tuong tng v6i chuyen dong ctia H,. Nhu vay trusng hgp nay c6 HoH,
cach di chuyeén.

Truong hop 2. Khi trong qué trinh di chuyén c6 cham vao dudng chéo chinh.
Xét mot chuyén dong H,, nhu vay. Ki hiéu (i,4) 1 vi trf lan dau tien khi chuyén
dong nay cham duong chéo chinh. Ro rang, trong doan dau tu (0,0) dén (4,1)
chuyén dong ctia ta nim trong chuyén dong H;. T (i,i) dén (n + 1,n + 1)
chuyén dong ctia ta thuoc H,,;_;. Do d6, chuyén dong ctia H, thuoc chuyén
dong ctia H;_1Hn + 1 — i. Hién nhién chiéu ngugc lai ciing ding mdi chuyén
dong thuoc H,_1Hn + 1 — i déu la mot chuyén dong ctia H,, ;. Két hop ci 2
truong hop ta co

H,.=HyH,+H H, |+ -+ H,H,.

Diéu nay ching té6 H,, = C,,. Chitng minh hoan tat.
Cach thit hai. Chitng minh tryc tiép H, ma khong stt dung cong thitc truy hoi.
Khong gay hiéu lam néu ta thay H, bing C,.

Hinh 2: Hinh minh hoa Bai toan 2.1

_1

Chiing ta sé chiing minh ¢6 5-=C5, cach di tir goc cuoi cung bén trai len
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gbc trén cling bén phai ma khong bao gid buée qua dusng chéo chinh (c6 thé
cham). Téng s6 cach di: C%,. Ta sé tinh cach di pham ludt truée.

Mot cach di goi 1a pham ludat néu buée qua dudng chéo chinh it nhat mot
lan.Ta xét mot duong pham luat tai lan dau tien. Khi d6 quang duong di duge
dén noi pham luat sé phai c6 k budc sang phai va ding k + 1 budc len trén.
Nhu vay dé di dén (n,n) thi can (n — k — 1) budc di lén va (n — k) budc sang
phai.

Ta xét mot phép bién hinh sau: tit diém pham luat ta lay déi xing qua
dudng chéo chinh clia quang duong con lai. Néu di sang phai thi doi thanh di
len, va néu la di len thi doi thanh sang phai. Vi phép bién hinh nay phan dusng
méi nhan dudc sé ¢6 n— k bude di len va (n—k— 1) bude sang phai. Tong cong
con dudng méi sé c6 k+1+(n—k) =n+1budc dilén, vak+(n—k—1) =n—1
budc sang phai . Tic 1a diém cudi ciing sé 1a (n — 1,n + 1). Tat ca céc con
dudng pham luat sé c6 chung mot diem dén. Ta sé chi ra mdi con dudng tit
(0,0) dén (n — 1,n + 1) déu tuong ting v6i mot dudng pham 16i. Ciing bang
phuong phap doi xting qua dudng chéo chinh khi pham luat dau tién- ta sé
nhan dugc mot 16i di pham luat tit (0,0) dén (n,n). Vay, so6 duong pham luat

sé 1a CoF) va s6 dusng ding luat 1a

n n 1 n
Cn: 271_027?_1:2”_1_10271'

Cong thitc duge chiing minh.

Bai toan 2.2 (Bai toan Euler). C6 bao nhiéu cach chia da gidc 161 thanh cac
tam gidc ma khong c6 cac canh ndo cit nhau?

Loi giai. Goi gia tri phai tim la E,,. Dat Es = 1. Khin > 3tacé E3 =1, Ey =
2, Es = 5. Da gidc déu n dinh dugce ki hieu 1a A; A, ... A,,.

Xét mot phan hoach da giac 1a thanh céc tam gidc. Xuat phat tit canh
Ay A, ¢6 dinh, dinh thtt ba ctia tam giac c6 canh A; A, 1a A;. Cac duong chéo
ARAq, ARLA, chia da gidc A; Ay ... A, thanh ba phan: da gidc k dinh A, A, ... Ay
tam giac A; A, A,s6 cach chia cac da gidc can lai sé 14 E,E,_j.1 va phép tuong
ung nay véi Ay ApA, la song anh. Cho n chay tit 2 < k < n — 1 nhan dugc véi
n>3

—_

n—

En = EkEnka»l-

2

i

Thay E, bang E, ., vao cong thiic ta nhan dugc

n+1

Eno= Z EnioEn k3.

k=2



Hinh 3: Hinh minh hoa Bai toan 2.2

Thay E! bang E, 2 vao cong thiic ta nhan dugce

n+1

r 2 : / /
En - Ek—Z n—k+1-
k=2

n—1
/_§ : Bl
=0

Cong thiic cudi chinh 1a cong thitc Catalan. Do d6 E, = C,,_s.

3 Cac bai toan Catalan noi tiéng khac

Bai toan 3.1 (Bai toan dau ngodc). C6 n dau ngodc mé va n dau ngoac dong
(n bo dau ngodc mdé-doéng) c¢6 bao nhiéu cach sip xép cac dau ngodc hop lé
(hop 1& 6 day chiing ta hiéu 1a ké tit trai sang phai tai cho dén bat ki vi tr
nao, thi s6 dau ngoac déng da duge st dung khong bao gid vust qué sé ngoac
mé da dung)?
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Hinh 4: Hinh minh hoa Bai toan 3.1

Bai toan 3.2 (Bai todn hanh trinh Dick). Xét he truc toa do xOy. Xuat phat
tit diém (0,0) dén diém (2n,0) c¢6 bao nhiéu kha nang dé budc sao cho mdi
buée c6 1a cac vektor y(1, 1) hodc x(1, —1) va khong di xudng dudi truc hoanh
(y 1a len va sang phai, z 1a xubéng va sang phai)?

Hinh 5: Hinh minh hoa Bai toan 3.2

Bai toan 3.3 (Bai toan phan vung). Cac s6 z;(1 < ¢ < 2n) gid ¢6 tri 1
hosic (-1) sao cho @1 + @y + -+ + @9, = 0 va tat cd cic gia tri (partition)
1,01+ T2, X1 + T2+ X3,..., X1+ + T2y 2> 0.



Bai toan 3.4 (Bai toan doan quan kién). C6 mot doan quan kién dang hanh
quan qua mot con duong ham chat hep. Khong con nao c¢6 thé doi chd cho
nhau. C6 mot nghach nhé ciing trat hep nhu vay , néu con kién ndo mudn nghi
thi c6 thé ré vao dé va cac con khac lai tiép tuc di. Néu c6 nhiéu con ciing
nghi thi cdc con nghi trude lui lai nhuong chd cho con méi nghi, ¢t theo thit
tu khong duge doéi chd. Khi ra thi chat tu ngude lai, con nao nghi sau thi ra
trude (vao muon thi ra sém, last in-first out).

Hoi ¢6 bao nhiéu cach ra khéi dusng ham chat hep nay?

§

Hinh 6: Hinh minh hoa Bai toan 3.4

Bai toan 3.5 (Bai todn mua vé xem phim). Mot 16p hoc ¢6 2n hoc sinh dang
ditng xép hang mua vé xem phim, gia vé 13 1000 V- tién. Cac em hoc sinh
ngudi c6 td 1000 nguai chi c6 ta 2000.

Ban dau quay khong c6 tién . C6 bao nhiéu cach mua vé dé ngusi ban vé
luon luon tra lai duge tien thita, va cong viéc khong bi gian doan?

Ta chimg minh cac bai toan trén tuong duong. Ta sé ching minh
cac bai toan tit 3 dén 7 1a tuong duong va tuong duong véi Bai toan 1.

-Bai toan cac dau ngodic va Bai toan hanh trinh Dyck. V6i phép song anh:
dau ngodc md ting véi bude di len y(1,1) va dau ngodc déng tuong tng vdi
buée di xudéng z(1, —1).

-Bai toan hanh trinh Dyck va bai toan ban ¢ hoan toan la mét khi ta xoay
ban cg 45° .

-Bai toan phan viing chinh la bai toan Dau ngodic phat biéu dudi dang dai
s6 thay ngo#ic md bang +1 va ngodc dong bang (-1).

-Bai toan doan quan kién 1a bai toan dau ngoic néu v6i méi con kién trude
khi dén hém dugc phat méi gidy kiem tra (dau ngodc md) sau khi nghi ngoi
(ho#ic tiép tuc di luon) qua hém thi thu hoi lai gidy thong hanh (dau ngodc
dong).



-Tuong tir nhu thé bai toan vé xem phim va bai toan ban cd 1a tuong duong
khi tra tien 1000 dong tuong ting vdi bude sang phai va tra 2000 tuong tng
v6i bude 1én trén 1 don vi.

Hinh 7: Hinh minh hoa Bai toan 3.6

Bai toan 3.6 (Bai toan kién hanh quan). Hai doan quan kién vang (m chién
s1) va kién den (n chién si) dang hanh quan vé diém tap trung. Dén nga ba thi
hai dudng hgp nhau thanh mot. Den d6 dan dusng khong hoat dong. C6 bao
nhiéu cach hanh quan qua ngd ba ma khong chen 1an x6 day nhau?

Néu thém dicu kien s6 kién den ben trai duge qua ciia luon luon khong bé
hon bén phai, ta cing nhan duge bai toan Catalan du6i dang don gian va tha
vi.

Bai toan md (Bai toan Catalan tong quat). C6 n doan quan kién nhap lam
mot theo quy tac sé6 ngudi doan ¢ luon luon khong nhé hon doan k khi nhap
hang (k > i). C6 bao nhiéu cach thyc hién?

4 Mot so bai tap
Bai toan 4.1. C6 bao nhiéu ham s6 f : 1,2...,n — 1,2,...n sao cho f la
mot ham tang va v6i moi k ta c¢6 f(k) < k?

Bai toan 4.2. C6 bao nhiéu cach bat tay nhau ctia 2n ngudsi ngdi quanh mot
cai ban tron ma khong c6 cap nao bat chéo tay véi cap nao?

Bai toan 4.3. Chiing minh ring Cn = C} - Cytt,
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Bai toan 4.4. Co6 15 hoc sinh nam va 12 hoc sinh nt cung buéc vao phong
khiéu vii, héi c6 bao nhieéu cach vao? Biét ring bat ki thoi diém nao sé hoc
sinh nam déu khong it hon s6 hoc sinh nit. Téong quat véi m nam va n nit
(m > n) (trong bai chi doi h6i phan biét nam-nit, khong xét ting cad nhan cu
thé).
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