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Muc dich:

Trude 18 tudi duoc trang b1 kién thire
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- K¥ ning lap trinh code - hé thong
- Toan kinh té - MBA

Déu tu cho twong lai — Théng minh nhat — Hidu qua nhat
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D61 161 chia sé
Chi 10 — 20 nam nita khi lan séng cong nghé 4.0 sé dinh hinh lai cau tric cuoc séng va xa hoi.

Cai déi ngheo da dugc tra vé cho qua khit, ltic d6 lao dong khong con 1a dé ton tai ma chii yéu
nham muyc dich sang tao va tién bo.

Cac cong viéc sé tap trung vao 4 nhém:
— Nghé thuat
— Khoa hoc k§ thuat
— Dich vu

— Sttc khoe va Thé thao

Tuy thuoc kha nang, con ngudi c6 thé lua chon céc thé loai cong viec phit hop. Nhung bat ki
cong viec gi yéu t6 sang tao va thi dua sé duge dua lén hang dau.

Chiing t6i chon cong viée chuan bi hanh trang tri thitc khoa hoc kj thuat cho 16p cong dan thoi
dai 4.0 lam nhiém vu chinh cua minh.
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1 Lam quen véi bat dang thiic

1.1 Bat phuong trinh
1. Gii cac bat phuong trinh sau:

3xr+95 <4
7 — 3z ’

x?—1 :E?’—l.

a)

b < — ;
) »2?+1 23 +1
1
¢) Vr+1l—yr<—.
100
< ~ z @1 a2 An = Z . oz IS ~ %
2. Céc phan so Rt c6 mau s6 b; > 0(i=1,2,...,n). CMR gia tri ctia phan s6
1 2 n

a+a/ ++a S .~ ., . @ A N P A 2 % -~ //\CL' ~
L " nim gifta gia tri nho nhit va 16n nhit clia cac phan s6 — da cho.
bi +bs+ ...+ b, b;

3. Day s6 sau ddy nao bi chiin trén, (tic 1a ton tai mot s6 K sao cho bat ki phan tif ndo clia
day déu co gia tri khong vugt qua K). Hay xdc dinh ¢6 ton tai s6 K nhu vay khong va hiy tim
s6 K nhé nhat néu c6 thé trong méi trudng hop:

) —1+1+1—|— —i—l'
a) a, = 51Tt
1 1 1
b) b,=14+=-4+—-+..4+ —;
) +3+9+ +3n
) 1+1+1+ —1—1
c) ¢, = — 4+ -4 .+ =
2 3 n
1 1
d)d,=1+—+ —+ ...+ ———.
) +1.2+2.3+ +n(n—i—l)

1 1 1
4. Day f, =1+ +§—|—...+—2 c6 bi chin hay khong?
n

22
5. Day ctia mot hinh thang 14 a va c. Hay biéu thi qua a vA ¢ cac dai lugng sau:
a) Duong trung binh ciia hinh thang.

b) Doan thing di qua giao diém ctia hai duong chéo, song song véi hai day va gi6i han béi
hai canh bén cta hinh thang.

¢) Doan thang nio l6n hon trong cac doan thiang xac dinh trong a va b? Hay cho ching
minh bing dai s6 va hinh hoc.

6 (Van toc trung binh, thoi gian va quing duong).

a) Mot 6 to di v6i van toc vy trong mot thai gian nhat dinh, va sau d6 di v6i van téc vy
cling trong thoi gian nhu vay. Héi trén ca quing duong xe 6 t6 di v6i van tdc trung binh
14 bao nhiéu?
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1.2 Trung binh cong, nhan, binh phuong, diéu hoa ctia hai s6 LOISCENTER

b)

Mot 6 to di tit A dén B véi van tdc vy, sau do6 khi quay lai tit B vé A v6i van toc v, Hay

xac dinh van tdc trung binh clia 6 to6 trong cd hanh trinh.

7. Tam gidc vuong ABC. Dudng cao C'T chia canh huyén AB thanh cac doan AT = p, BT = q.
Hay biéu thi qua p va ¢ cac dai lugng sau:

b)

Do dai duong cao CT; (/p-q)

Do dai duong trung tuyén CF; (1%)
Do dai hinh chiéu vuodng géc ctia CT len CF. (7 n -)
p ' q

Trung binh cong, nhan, binh phuong, diéu hoa cua hai sb

Chu vi clia mot hinh chit nhat 1a P. Dién tich S ctia hinh chi nhat d6 ndm trong khoang
nao?

Dién tich ctia mot hinh chit nhat 13 S. Chu vi P clia hinh chit nhat d6 ndm trong khoang
nao?

9. Cho a va b € R*. Hay chi ra rang:

a)

b)

¢) Va.b>

[a? + b? S a+b;
)

b
a—2k > Va.b;

2ab.
a+b’

dau bang xay ra khi vi chi khi néu a = b.

10.

a) Néu z € R*. Hay chi ra rang:
1
T+ —2>2
T
b) Néu z € R. Hay chi ra ring:
1
’x + —’ > 2
T

) b
11. a,b I cdc s6 duong. CMR % + 2 >0
a

12. Diém nao c6 toa do (z,y) 1a nghiem clia phuong trinh hiperbol z -y = 1 ¢6 vi tri § gan
tam ctia he toa do nhat ?
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1.3 Bat ding thiic trong bat ding thiic

LOISCENTER

13. Ham s6 g(x) trén mién s6 thyc. Gia tri cyc tiéu (minimum) ctia ham s 14 bao nhiéu?

x? +2

T) =
9(@) 2?2 +1

14. Chia doan thing AB thanh hai phan sao cho cac hinh vuéng ducc dung trén cac doan

thang d6 (xem hinh vé) c¢6 tong cic dién tich:
a) Nho nhat;

b) Ldn nhat.

A P B

15. Néu tong clia hai s6 duong khong doi, thi tich clia ching cang 16n khi hic¢u clia ching cang

nho6. Téng binh phuong cang 16n khi hieu clia chiing cang 1én.

16. Céac duong thing a,b,c va d tao thanh mot hinh t& gidc. Tir giao diém ctia a v b ngusi
ta mubn di dén giao diém ctia hai dudng kia véi ciing mot dita tré. Vi vay ngudi ta phai chon
duong di ngdn nhat. DPing tir diém xuit phat nhin vé hai phia ngudi ta déu thiy ngay ring
truée khi di duge nita clia mdi duong déu phai ré vuong goc tai géc phd gan nhat. Thém nita
doan dudng a (c6 vé) dai hon doan duong b. Nguoi ta phai chon di dudng nao?

17. Néu 0 < b < a, hay chi ra réng:

1 (a—0b)?2 a+b 1 (a—b)?
—. < —Vab < -—. .
8 a4 — 2 ab< g

1.3 BAt dang thiic trong bat ding thic

18. Cho a,b,c la cac s6 duong, CMR:

(a+0)(b+ c)(c+ a) > 8abe.
19. Cho a, b, c 1a cac s6 duong, CMR:

2ab 2bc 2ca

+ + <a+b+ec
a+b b+c cH+a

20. Cho ay,as, ..., a, la cac s6 duong sao cho a;.as. . ... a, = 1. CMR:

(I1+a)(1+4as)...(14+a,) >2"
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1.4 Trung binh cong va trung binh nhan ctia nhiéu sb LOISCENTER

21. Néu z,y,2 € R. CMR:

2?22 > a2 4 224 yVa? + 22
Dau béang xay ra khi ndo?
22. Cho a1, as, a3 1a cac sd duong sao cho a; + as + a3 = 1. CMR:
Via, +1+V4as+1++V4as +1<5

23. Ham s6 hai an z,y € R:
fla,y)=2* +y* —ay -z —y+1

Hay xac dinh gia tri cuyce tri (cye dai, cic tiéu) ctia ham s6.

D) )
24. Chi ra ring 4/ W nam gitta trung binh cong A(z,y) va trung binh binh phuong

N(z,y). Céc gia tri trung binh nay so véi gia tri \/A(x,y).N(x,y) ¢6 luon nhd hon hay lén
hon khong? (c6)

1.4 Trung binh cong va trung binh nhan ctia nhiéu sé

25. Cho z,y,z € RT. CMR:
rT+y+=z

— 2 Vay?
Khi ndo x4y ra dau bang?
26. Chitng minh bit ding thic giita trung binh cong va trung binh nhan. Nghia 13 néu
ai, ay, ..., a, 1a céc sd duong, thi
a] +ag+ ... +.ay
n

> Maj.as....a,

khi nao xay ra dau bang?
27. Cho z,y la cac s6 duong. CMR 23 + 3® + 1 > 3ay.

28. S6 thie A nhé nhat ndo sao cho bat dang thitc z* + y* + A > 82y ludn ludn ding véi moi
s6 thue z, 9.

29. Hay chi ra riing véi cic s6 duong a, b bat ki bat ding thitc sau luon ding:

n+mg a+nb

n+1

30. T cac goc ciia hinh vudng canh 30cm, ngudi ta cit cac hinh vudng nhé roi gip vuong goc
cac phan con lai thanh mot cai hop md nap. Hoi phai cit nhitng hinh vuoéng con c6 canh bao
nhiéu cm dé hinh hop dude tao thanh cé thé tich 16n nhat?
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2 Cac bat dang thiic quan trong

2.1 Dinh ly vé cac sap xép — hoan vi

31. Néu a; < as va by < by thi a;.by + ag.by v a1by + asb; dai luong nao 16n hon va 16n hon
bao nhiéu ?

32. Néu a1 < ag < as va b1 < b2 < bg. Cac dal llIOIlg

(a1b1 + agbs + agbs), (aiby + asbs + asbs), (aiby + asby + asbs)
(albg + CLng + Cbgbl), (Cl,lbg + CLle + a3b2)7 (albg -+ Clgbz -+ agbl)

Dai lugng nao
a) Nho nhat? b) Lén nhat?

33 (Dinh Iy céc sap xép hay con goi 1a bat dang thitc Szucs Adolf). Néu a; < ap < ... < a, v
by < by <...<by,. (a;,b; € R) v m 1a mot giao hoan cua (1,2;3,...,n), khi do:

a1b1 -+ CL2b2 +....+ anbn Z Cleﬂ-(l) + CLQbﬂ—(g) At . T Clnbﬂ—(n) Z albn —+ Clgbn,1 + ...+ (lnbl.
Khi ndo x4y ra dau bang?

34. Trong hai biéu thic dusi day a1, as, as, as 13 cac s6 thuc bat ky. C6 thé khing dinh biéu
thitc bén nay luon 16n hon bén kia hay khong? Néu ding hay chitng minh, néu sai dua ra phan
vi du.

a) a1® + as® + az® + as® va 2(a1a4 + asas)

a1 a2 a3 g . a2 a3 Qy
b) —+—=4+—+—va—+—+ =+ —.
Qy as a2 a a2 a3 Q4 ay

35. Néu ay, ay, as, a4, as 1 cac so6 duong bat ky. CMR:

ap 4z a3 a4 Qs
—+=4+—=+—+—==>5
a9 as ay as aq

36. Cho trude canh va duong cao tuong ting thudoc canh do cta tam gidc. Khi nao chu vi cta
n6 14 nho nhat?

2.2 B4t dang thicc CBS

37. Gi4 tri clia a1by + asbs thay déi trong khodng nio néu a2 + as? = 1 v by + by? = 17

38 (Bat dang thitc Cauchy — Bunhyakovski — Schwarz). Cho ay, ay, as, . .., a, va by, ba, bs, ..., b,
1 cac s6 thuc bat ky. CMR:

‘Cllbl -+ agbg + ...+ @nbn’ S \/(@12 -+ a22 + ...+ anz).(612 + b22 + ...+ bn2)

Trong truong hgp
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2.2 Bat dang thitc CBS LOISCENTER

a) n=3; b) n>3 €N
Khi nado x4y ra dau bing ?

39. Néu 1, x9, 73 1a cac sd thuc, CMR:

<1 R >2<1 o 1o 1 o
—T =T =T —T =T =T
92 1 3 2 6 3 =9 1 3 2 6 3

40. Néu aq, as, as, as 13 céc sb6 thie duong c6 tong bang 1. CMR:

Vidar + 1+ V4das + 1+ V4daz +1 < V21

(a+ b)?

2 2
a b L
< — + — . Khi nao dau bang xay ra?
T+y T

Y

41. CMR vé6i 2,y > 0 thi

42. CMR néu z1,2,...,2, > 0 thi

2 2 2
(a1+a2+a3+...+an) §£++ai

X+ T+ ... +x, T T

Khi ndo x4y ra dau bang?

43. CMR BDT trong bai trudc tuong duong véi bat ddng thic Cauchy — Bunhyakovski —
Schwarz.

44. Cho a,b,r,y > 0. Hay 14t mat phdng bing nhimg miéng van san kich thudc (a x b) va
(x x y) (hinh v&) sao cho cac dinh ctia ba hinh chi nhat bao quanh tam toa do, gid sit y < b

{(0;0), (a;0) }, {(—2;0 =), (0;0) },{(0; =), (;0) }

(b > y lam tuong tu). Hay tim trén ban vé mot hinh binh hanh, dé c6 thé chitng minh bing
phuong phap hinh hoc BDT CBS trong truong hop cac cip s6 duong.

£
L
LEJ
a
1L
e
a
I
L7
4
wd
a
b
i 5
L
L
73 a
4
=
L
oy
a T
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2.3 Bat ding thitc Jensen LOISCENTER

45. Biét rang a;by > 1,a3b0 > 1,.....,a,b, > 1 trong do6 a;,b; 1a cac s6 duong va cic hé sd
D1, D2y -« Pn > 0820 cho py +p2+....+p, = 1. CMR:

(a1p1 + aspa + ... + anpn)(bipr + bopa + ... + bypy) > 1

46. Hay chitng minh bat dang thitc CBS cho nhiéu sé:
2
(Sabe) < (Xa?)(X02)(Xe)

2.3 Bt dang thic Jensen
47.
a) CMR ham s6 f(z) = 2? 1a ham 16i.

b) Chitng minh BDT lien hé giita trung binh ¢ong va trung binh binh phuong ciia nhiéu s6
hang. Ttc 14 néu ay, as, as, . .., a, 1a cac s6 khong am, thi:

G t+ay+ .+ an \/a12+a22+...+an2
n - n

48.

a) CMR ham s6 f(x) = — 1a ham 16i khi x € R*.

SHE

b) Chitng minh BDT lién he gitta trung binh cong va trung binh diéu hoa ciia nhiéu s6 hang.

Tic 1a néu a1, as, as, . .., a, la cic s6 duong, thi:
ay +as + ...+ ay n
>
— =
a; a2 n

49. Ham 16i nado chtimg minh cho mdi lien hée BDT gitta AM va GM?

2.4 Mot s6 bat dang thiic tén tudi
50 (Bt déng thic Nesbitt). Néu a, b, c 1a céc s6 duong CMR:

a b c
+ +
b+c c+a a—+bd

3
> —.
-2
51 (Bat ding thic Schur). Cho z,y, z khong am va r > 0, thi:

(@ —y)lz—2)+y(y—2)y—z)+z(@—2)(y—2) =0

52 (Bat dang thiic AM —GM suy rong). Véi cac s6 thye duong ay, ag, -+, a, Vg, o9, -+, Tp
1a cac s6 thue khong am c6 tong bang 1 ta co
Ty + agTy + -+ ATy > ar"tag™ - a,™"
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2.4 Mot s6 bat ding thitc tén tuoi LOISCENTER

53 (Bat dang thitc Holder). V6i a,b, ¢, z,y, z,m,n, p 1a cac s6 thyc duong ta cé (c6 thé phat
biéu véi s6 phan ti hitu han)

(@®+0° + ) (2 + y° + 2°)(m® + n® + p°) > (axm + byn + czp)®.

54 (Bat déng thic Chebyshev). Vi 2 diy s6 thyc don digu tang a1, as, as va by, ba, bz ta c6
(c6 thé phat biéu véi s6 phan tit hitu han)

1
a1b1 + agbg + a3b3 2 g(al + a9 + ag)(bl + b2 + b3)
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3 Bat dang thiic sip xép — hay con goi 1A BDT hoan vi

Rearrangement Inequality

The rearrangement inequality (also known as permutation inequality) is easy to understand
and yet a powerful tool to handle inequality problems.

Definition: Let a; < ay < ... <a, and b; < by < ... < b, be any real numbers.
a) S =ayb; + agby + ... + ayb, is called the Sorted sum of the numbers.
b) R = aib, + asb, 1 + ... + a,b; is called the Reversed sum of the numbers.
c) Let ¢y, co,...,c, be any permutation of the numbers by, by, ..., b,.

P =aic; +ascy + ... + anc, 18 called the Permutated sum of the numbers.

55. Rearrangement inequality S > P> R

Proof:

a) Let P(n) be the proposition: S > P.

P(1) is obviously true.

Assume P(k) is true for some k € N.

For P(k+1), Since the ¢’s are the permutations of the b’s, suppose by+1 = ¢; and ¢p41 = b;
(ars1 — ai)(be1 — bj) =20

= a;b; + apyibry1 > a;ibpy1 + ap1b;

= a;bj + ap1bpr1 > a;C; + Qg1

So in P, we may switch ¢; and ¢, to get a possibly larger sum.

After switching of these terms, we come up with the inductive hypothesis P (k).
P(k + 1) is also true.

By the principle of mathematical induction, P(n) is true Vn € N.

b) The inequality P > R follows easily from S > P by replacing by < by < ... < b,
by _bn Z _bn—l Z Z _bl-

Note:
(a) If a}s are strictly increasing, then equality holds (S = P = R) if and only if the b.s are all
equal.
(b) Unlike most inequalities, we do not require the numbers involved to be positive.

56. Corollary 1: Let ay,as, ..., a, be real numbers and cy, cs, ..., ¢, be its permuation. Then
CL12 -+ a22 + ...+ CLn2 2 aicy + ascy + ...+ aycy,

57. Corollary 2: Let aq, as, ..., a, be positive real numbers and ¢, ¢, ..., ¢, be its permuation.
Then

(&1 C2 Cn
—F =4+ ... +—>n
a1 a2 Qp,

The rearrangement inequality can be used to prove many famous inequalities. Here are some
of the highlights.
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58. Arithmetic Mean - Geometric Mean Inequality (A.M > G.M)

... 1 +To+ ...+
Let x1, 29, ..., x,, be positive numbers. Then > /T Ta. Ty

n

Equality holds if and only if 21 = 25 = ... = z,,.
T1T2 B T1T9...Tp

Proof: Let G = ¢/x1x9...1,, a1 = %7(12 = s eeey Oy o = 1.
By corollary 2,

a1 a2 Qp, T To T X+ T+ ... + Ty
n<—+4+—4+..+ ==+ =4 ..+ = <=> > r1T9...T
~a, a Qp1 G @ G n ~ Lz tn
Equality holds < a1 =a=..=a, & T1=T9=..=2,.

59. Geometric Mean - Harmonic Inequality (G.M > H.M.)

n
1 1 1

— e — Lt —
T1 T Tn

Let 1, 9, ..., x, be positive numbers. Then /x,x5...7, >

Proof: Define G anf a4, as, ..., a,, similarly as in the proof of A.M - G.M.

n G G G . .
By Corollary 2, n < o + 42 +...+ s = (el + — + ... + — which then gives the result.
as as ay X1 X9 Tn

60. Root Mean Square - Arithmetric Mean Inequality (R.M.S > A.M)

xf+xf+”rﬂm2>aq+xy+m+xn

Let 1, 9, ..., x,, be numbers. Then \/
n n

Proof: By Corollary 1, we cyclically rotate x;,
12+ 2%+ .+, 1121 F 9Ty + ... + Tpn,

T2+ x> Tyt Taly + ..+ Ty

T2+ 22+ 42 > s+ ek + ..+ T
..... R/

12+ 2%+ .+ 2,2 > XX, o1 + ... F T

Adding all inequalities together, we have
n(z2 + 2+ .+ 2,2 > (o 2o+ 3y,
Result follows. Equality holds < 1 = 29 = ... = x,,.

61. Cauchy - Bunyakovskii - Schwarz inequality (CBS inequality)
Let aq,asq, ..., a,; b1, bo, ..., b, be real numbers.
Then (a1by + asby + ... + apbn)? < (a1 + as® + ... + a,2).(b* + b + ... + b,%)

Proof: The result is trivial if a; = ay = ... = a, =0 or by = by = ... = b, = 0. Otherwise,
define

A=vVa2+ a2+ ...+ a2 B=vVb>+b>+..+b,>
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a; b;
Since both A and B are non-zero, we may let z; = —, 7, = ﬁVl <i<n.

A
By Corollary 1,

a2+ a2+ ... +a,2 bi4br+.. 40,2
e + B’

2 = :$12+I‘22+...+I2n2

> X1Tpt1 + ToTpg2 + oo+ Ty + Top + Tp1 21 + Tpg2l2 + oo+ TonThn

2(&1[)1 + a/2b2 + ...+ anbn)
AB

-~ (a1b1 + agby + ... + anbn)Q < (a12 -+ a22 + ...+ an2).(612 -+ b22 L T - bn2)

Equality holds & z;=x,.; < aB=bA V1<i<n.

62. Chebyshev’s inequality
Let 1 <29 < ... <z, and y; < ys < ... <y, be any real numbers.Then

T+ 2o+ o+ 2) (Y1 F Y2+ oo+ Yn)
n

T1Y1 + T2Y2 + ...+ TnYn Z ( Z T1Yn + ToYn—1 + ...+ Tnli

Proof: By Rearrangement inequality, we cyclically rotate x; and y;,
Tiyr + Tay2 + ... + TnYn Tiyr + TaY2 + ... + TnYn T1Yn + ToYp—1 + ... + Tpl1
T1Y1 + ToY2 + ... T TpYn T1Y2 + TaYs + ... + Tl T1Yn + T2Yn—1 + ... + Tpl1

VIV IV
VIV IV

191 + T2lY2 + ...+ TnYn T1Yn as TolYn—1 F ..o TnY1 T1Yn + T2Yn—1 + ...+ TnY1

Adding up the inequalities and divide by n, we get our result.
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Exercise Hint
3 3
sin°xr  cos’x 1 1

1) Find the minimum of — Consider (sin’z, cos®z), < —, )

- cosT  Sinx sinx’ cosx

0<z <=

2

2) Proof: For (ii) and questions below,

(i) a®*+b*+c>ab+bc+ca
(i) a™ 40"+ >ab" '+ bt + ca™ !

Witout lost of generality, let a < b < ¢
Consider (a, b, ¢), (a” 1, 0" 1)

1 1 1
3) Proof: — + 5+ 5>
a ¢

a+b+c
abe

Consider <l,l,1>,(1,1,1)
a' b c a' b’ c

a
4) Proof: — + + -+
) b2 2 a2 "a b ¢

Consider <%,§,§>, <E §,E>

2 22 L, 111
5) Proof: — 4+ —+—>a+b+c Consider (a*,b*,¢%), (-, -, —
b c a b’ c
. 1 1 1
6) Proof: If a,b,c >0 and n € N then : Consider (a",b™, c"), , ,
b+cc+a a+b

anfl +bn71 _l_cnfl

a” b c"
>
a+b— 2

+ +
b+c c+a

7) Proof: If a,b,c¢ > 0, then:
abbct > (abe) 5

Consider (a, b, ¢), (log a, log b, log ¢)
and use Chebyshev’s inequality

15
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4 Bai tap
4.1 Luyén tap

63. Cho a,b > 0, CMR:

a+b a b
< + .
l+a+b " 1+a 1+0
1 1 1

64. Cho a > b > ¢, CMR + > 0.

a—b+b—c c—a
65. Cho a > b > ¢, CMR a*(b — ¢) + b*(c — a) + *(a — b) > 0.

66. Cho a,b > 0, CMR:
a® 4+ b* > a*b + ab®

67. Cho a, b bat ki. CMR:
a* +b* > ab(a® + b?)

68. Cho a,b > 0, CMR:
a b
a® +0* < — 4+ —
b a
69. Cho a,b bat ki, CMR:
a+b a4 b - ad + b3
2 2 1Y 2

70. Cho a, b bat ki, CMR:
a-+b a3+b3<a4—|—b4
2 2 - 2

71. Cho a, b bat ki, CMR:

a+b a®+b? a3+b3<a6—|—b6
2 2 2 = 2

Chiing minh céac bat ding thitc sau (82 - 93).

72. a® + b* + 2 > ab+ be + ca.
3
73. a2+bz+62+12a+b+c.

74. o* + b* + 2 > 4ab.
75. a* +1 > a.

76. a> +b>+1>ab+a+0b.

2

7. “Z+b2+c2zab—ac+2bc.

78. a> + >+ +4 > ab+ 3b+ 2c.

79. > + 0>+ +d?> > ab+ ac + ad.

16 SDT: 096 568 5459



4.1 Luyen tap LOISCENTER

2
80. a2+62+c2+d2—ab—bc—cd—d+g20.

8l. >+ + 2+ d*+e2>alb+c+d+e).

a? b P b
82'ﬁ+§+¥_5+ +—v01abc7£0

a* b* a b a?  b?
83. ﬁ+¥+5+__b2+ +2,v6ia>0,b>0.

Cho cic s thyc duong a, b, ¢, d. Chitng minh cac bit ding thitc sau (94 - 152).

84.
) +1>2 d) a* + >1
a) a+ — ) a .
a a?+1 "~
a’+2 bY &
b > 9. a—+ +c c—i—a>
) Z 1 e) . - 3 + ; > 6.
a?+3 b
C > 2. A £>
) a2_|_2 f)b+c+a_3
1 1 4 16 64
85. — _
a+b+ +d_a—l—lH—c—i—d

86. (a+b)(b+ c¢)(c+ a) > Sabe.
87. (a+1)(b+1)(a+c)(b+ c) > 16abc.

38, ab N be L@ < a+b+c'

a+b b+c c+a 2

89. (a® +b*)c+ (b + *)a+ (* + a®)b > 6abc.
90. ab(a + b) 4 be(b + ¢) + ca(c + a) > Gabe.
91. a*(1+b*) + b*(1 + ) + (1 + a®) > Gabe.
92. (a+ b+ c)(ab+ bc+ ca) > 9abc.

b b
93.a— —C+%>a—|—b+c
c

94. abc > (a+b—c)(b+c—a)(c+a—0D).
95. ava? + 2+ Vb2 + 2 < a?+ b+ A
96. ab + bc + ca > av/be + by/ca + cvab.
97. a+b+c > Vab+ Vbe + Jca.

a b c
98. + + > 2
b+c \/c—l—a a-+b

99.

> —,
b+c+c+a+a+b_2
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4.1 Luyén tap

LOISCENTER

100.

101.

102.
103.
104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.

115.

116.

117.

118.

119.
120.
121.
122.
123.

124.

125.
126.

a? b? c? a+b+c
+ + > .
b+c c+a a—+bd 2
a?+bv> P+ A+ad® b
b < < 1
atbtes 2¢ + 2a + 26 T be  ca

(a+b+c)* > 3(ab+ bc+ ca).

(ab)? + (bc)? + (ca)? > abc(a + b+ c).
(ab + bc + ca)? > 3abc(a + b+ c).

3(a* +b0*+¢*) > (a+b+c)

ab® + bc® + ca® > abe(a®b + V?c + c2a).
a +b* + ¢t > abe(a + b+ ).

a* + b* + 8 > Sab.

a® +0° +¢® > a’b + Ve + ca.

a’ +b" +c > a*b*P(a+ b+ c).

a® + % + & > a*b*c*(ab + be + ca).
a®b + b3c + c*a > abe(a + b+ c).

(a4 b)y/e+ (b+¢)va+ (c+a)Vb > 6vabe.
(@® +0?)(a* + %) > (a® + 7).

<a+£> (b+5) (c+2) =5

(a+b+c)(a®+b*+ *) > 9abe.

2 2 2 9
+ + > .
b+c¢c c+a a+b a+bdb+c
2 L 2 . 2 <1 1 1
a+b b+ec c+a " a b ¢

ab(a + b) + be(b + ¢) + ca(c + a) < 2(a® + b* + ¢3).
Ala+0b)+a?(b+c) + b (c+a) <2(a® + b+ ).
(a+b+c)(ab+be+ ca) < 3(a® + b + 2).
(a+b+c)(a®+ b0+ 2) <3(a®+ 1+ 3).

a® + 0 + ¢ > a*b + b*c + cfa.

a b
— =+ —>a+b+e
b c a

8(a® +b* + ) > 3(a+b)(b+c)(c+ a).

V2a+14+vV2b+14++2c+1<4,v6ia+b+c=1

18
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127.

128.

129.

130.

131.

132.
133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.
1

Vda+1+V4b+1+4dc+1<5 véia+b+c=1.

V6a+1+vV6b+1++6c+1<9,véia+b+c=2.

1 1 1
(1—1——) (1+—> (1—1——) > 64, véia+b+c=1.
a b c

Va+Vb+\e <2, véia+b+c=1.

3 50
\/a+1+\/2a—3+\/50—3a<12,v(5i§§a§§.

a? +b% +c® > 14, v6i a + 2a + 3¢ > 14.

Via+e)(b+d) > Vab+ Ved.

a+b+c>3, véi abc = 1.

1 1 1
a?+b*4+ct> =4 -+ =, véiabe = 1.
a b ¢

at+ b+t >a+b+c, véiabe = 1.

ab + be 4 ca > \/a + Vb + /¢, véi abe = 1.
1+1+1,Véiabc:1.
a b ¢

(a+2b)(b+ 2¢)(c+ 2a) > 27, v6i abc = 1.

(a+1)(b+1)(c+ 1) > 8, v6i abe = 1.

a?+b* 4+ + d? + ab + be + cd + ac + bd + ad > 10, v6i abed = 1.
(I4+a)-(1+ag) .- (I+a,) >2" v6ias-ay-...-a, = 1.

1 1 1 1

=< + <=-val<
37 plp+1) qlg+1) 2

1 1
Cho p va g duong, — + — = 1. CMR
b q

qlg—1)

144. Trong mot hinh vuong canh 1 ¢6 n hinh vuong nhd siap xép sao cho khong ¢6 hai hinh
vudng nao c6 diém chung. CMR tdng do dai cac canh clia hinh vuong con khong qua /n.

1

p(p—1) "

145. Trong mot khéi lap phuong c6 chita n khéi lap phuong nhé khong c6 hai khéi nao c6 diem
2 £ 2
chung trong. CMR tong do dai cac canh ctia khoi 1lap phuong con khong qua ns.

146.

147.

148.

< A N 2 N a’2 +b2
Biét a > b va ab = 1, chi ra rang 2 > 24/2.
a —_—

2 72 2 2
a b>a—|—b

a—b — a+b

Biét a > 0,b > 0, CMR,

Cho a,b > 0, chi ra ring:

2v/a + 3Vb > 5Vab
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4.1 Luyen tap LOISCENTER

149. Cho a,b, ¢ 1a cac s6 thyc duong. CMR:

b
9+¢;ﬁﬁ>2
b c a
150. CMR vé6i moi sb thic duong a, b, ¢ khong théa man dong thai cac bat ding thic sau:

1 1
a(l—b)>1; b(l—c)>1; c(l—a)>

A

151. CMR v6i moi sb thuc duong a, b, ¢ khong théa man dong thoi cic bat ding thic sau:

1 1 1
a+—-<2,04+-<2;¢c+—-<2.
b c a

A

152. Cho z > 0, tim gi& tri nho nhat cia ham so:
a
a) flx) =2+ —,a>0,
T

442
" .

b) flz) =
, . ' . 1
153. Tim gia tri l6n nhat ctia ham s6 f(z) = (1 — 2)3(1 + 3z) néu g <e< 1.

154. Tim gia tri nho nhét ctia ham s6 f(z) = (1 4+ 2)*(1 —2) néu 0 < x < 1.

155. Phuong trinh 2* — 42% + az? — bxr + 1 = 0 ¢6 4 nghiem duong. Hay xac dinh cac gia tri a
va b.

156. Tim s6 tu nhién n nhd nhat sao cho (a? + %+ ¢?)? < n(a* + b* + ¢*) diing v6i moi s6 thuc
a,b,c.

157. Tim gid tri k& 16n nhat sao cho a* 4+ b* + ¢* + abc(a + b+ ¢) > k(ab + bc + ca)? ding v6i
moi s6 thuc a, b, c.

158. Chitng minh rang:

(1+1—13) (1+i)~(1+%>-...'(1+m><2

159. Chitng minh rang:

(1+1—14> (1+%)-(1+ﬁ>-...-(1+m><3

160. Chitng minh rang:

1 1
[t <3

1 1
161. CMR: 1+ '+ +3

1!
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4.1 Luyén tap

LOISCENTER

162.

163.

164.

165.

166.

167.

168.

169.

170.

171.

172.

173.

174.

175.

1 1 1 1
CMR:1+§+§+E+W+E<2.

CMR: \/100+\/99+\/98+...+\/2+\/T< 11.

CMR: \/1+\/n+\/n2+\/n3+...+ nm<n (n>1).

CMR: \/1+\/2+\/3+...+\/ﬁ<§.

CMR: \/2\/3\/4\/...\/5 <3,véin=23,4,..

Chiing minh ring khong ton tai cac sb thuc x,y, z dong thoi théa man cic bat ding thitc:

o[ <y =zl Wyl <lz =2 |z <z -yl
Hay chi ra rang khong ton tai cic s6 thuc z,y, 2,t sao cho:

lz| > |y — 2z + t, ly| > |z — 2z + |,
12| > |z —y + ¢t It| > |z —y + 2|

Chitng minh rang:

Unl < Y/ (n+ 1)), n=123,...
Chitng minh ring:

Vnl < "W+, n=34,5,...

. 1994
Phan so

¢6 gia tri 16n nhat v6i n nguyén duong nao?

. 197947

Phan so c6 gia tri 16n nhat véi n nguyén duong nao?

n!
2

1,001"

Phan s c6 gia tri 16n nhat v6i n nguyén duong nao?

CMR néu ay, as, ..., a, duong thi:

H<1+$) (1+%> > (n+1)%

k=1

V6i n nguyén duong, CMR:

1 1 1 1
n(\”/n+1—1)§1+—+—+...—|——§1—|—n(1——).
/’/L n

2 3 Un
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4.2 Cac bai tap nang cao LOISCENTER

4.2 Cac bai tap nang cao
176. CMR bat déng thitc sau luén thoéa man véi moi z1, zs, T3:
212 4 192 + 132 — 1109 — Toky — T3x, > 0
177. Néu a,,as,as, ..., a, la cac sd6 duong, CMR:
11 1 ,
(al—i-aQ—i-...—i-an)-<——|——+...—|——> > n.
a a2 Qn
178. Ky hieu p(a,b,c) = a® + b + ¢ va q(a,b,c) = a®b + b*c + c*a. Trong cac ménh dé sau,
ménh dé ndo diang?
I. Néu a, b, c duong thi p(a,b,c) < q(a,b,c)
II. Néu a,b,c duong thi p(a,b, c) > q(a,b,c).
Hay chitng minh ho#c phu dinh.
179. Néu a, b, c 1a cac s6 duong. CMR:
ab bc ca

a) —+—+—2>a+b+c
c a b

L a? v S b ¢ a

I Etatazitite

180. Néu a, b, c 1a cac s6 duong c6 tong bang 1. Tim gia tri nhé nhét clia bidu thiec:
V1ita®+V1+ 02+ V14

181. Néu a, b, c 1a cac s6 duong.

. 1 1 1
a) Hay chirardng (——1)- (- —1)- (- —=1) > 8;
a b c
S | 1 1
b) Tim gia tri nhé nhét cia (- + 1) - (E +1)-(=+1).
a c

182. Néu n € Nt. CMR:

() e (5

183. Néu a, b, ¢, d 1a cac sb duong. CMR:

QL ¢y, ate

b d—  b+d
Théa man khi va chi khi néu mau s6 clia cac phan s6 hoac triing nhau, ho#c gia tri ctia phan
s6 ¢6 mau sb 16n hon ciing khong 16n hon. Dau bing x3y ra khi va chi khi hodc mau s6 clia hai
phan s6 bing nhau, hoac gid tri cia phan s6 bang nhau.

184. X4c dinh gia tri cyc tiéu ctia biéu thitc sau, néu cac tham s6 a; (i = 1,...,2008) la cac
s6 duong.
aq ¢5) as 2008
S = + + ..+
az008 + a2 a1 t+ag  ax+ay a2007 + a1

185. CMR v6i n 1a s6 nguyén du 16n thi n? < 27
186. CMR v6i moi k nguyén duong bat ky néu n 13 sé nguyén di 16n thi n* < 27
187. CMR v6i moi da thitc p(n) bat ki la sé nguyén du 16n thi p(n) < 2"
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4.3 Cac bai toan khac

188. CMR véi a, b, ¢ duong:

sz 27
190. Giai phuong trinh trén mién s thyc: 22° = 2% + i

191. Dién tich cia mot tit gidc 16i 14 32cm?, tong ctia mot duong chéo va hai canh déi dien 1a
16cm. Tinh do dai cia duong chéo kia?

192. Cho m,n nguyén duong, x duong. CMR:
m.z” +nz" ™" >m+n
(két qua van ding khi n 1a s6 thue duong).
193. Cho a, b, c 1a cac s6 nguyen duong (thyc duong ciing ding). CMR:

a+b+c
GBS (LHC)

3
194. a, b, c 13 nhitng s6 thyc khac 0. CMR:

a2+b2+c2>a+b+c
B2 2 a? b ¢ a

195. Cho a; véi i=1,2,... 1 1a cic s6 duong. CMR:

(al +ag+ ...+ an)a1+02+---+an

a4+ a® + ...+ an2>a1+a2+---+an
n

n —
a/l CLQ ot CLTZ

196. BDT Bernulli
Choa>—-1vaa+#0, ¢q>0, ¢g=#0. CMR:

(14+a)?>1+qa néugqg>1
(1+a)?<14ga néug<l

197. CMR: Néu n > 1 va n tu nhién: n" > (n+ 1)"1.
198. Néu z,y 1a cac s6 duwong, n 1a sb6 ty nhién 16n hon 2. CMR:
2" > y" e — (n—1).y)

199. Tim gi4 tri cyc tiéu ctia ham s6 f(z) = Va5 — 3z.
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200.

201.

202.

203.

204.

4.4

205.

Néua; > 0(i = 1,2, ...,n) CMR:
(a1 .a™ ... ..a,")" > (ay.az . .. a,)* Tetton
Néu p, ¢ 1a cac s6 nguyén duong 16n hon 1, CMR:

(= V*pat (=Dt 1 _ (n—1).pq + 1

CMR vé6i n tu nhién 16n hon 1:

V2 —14++vn2—4+ ..+ /n?>—(n—1)? - V3
n? 2

Cho a; va b; v6ii=1,2,...,n la cac s6 thuc duong. CMR:

1t 1 1 1

Véi a, b, c,d 1a cac s6 duong. CMR:

a b c d

> 2
b+c+c+d+d+a+a+b_

Bat dang thidc hinh hoc

Tam giac ABC chita tam gidc MNL. Chiing minh réng:

a) Chu vi clia tam gidac ABC 16n hon hoiic bang chu vi tam giac M NL.

b) Dién tich tam giac ABC lon hon dién tich tam gidc M N L.

Trong ca hai truong hgp khi nao dau bing xay ra?

206.

(Diém Fermat — Toricelli )

Xac dinh diém P trong tam gidc ABC sao cho tong khodng céch tit P dén cac dinh ciia tam
gidc 1a nho nhat.

207.

(Bai toan Fagnano — chan ba duong cao).

Mot tam gidc duge goi 1a ndi tiép trong moét tam gidc khac néu méi dinh clia tam gidc
nay ndm trén mot canh khéc nhau tuong tng cta tam giac kia.

Cho truéc tam giac nhon ABC. Trong tat ca cic tam giac noi tiép trong tam giac ABC, tam
gidc noi tiép c¢6 cac dinh 1a chan cia ba dudng cao cia tam giac ABC' la tam giac ¢6 chu vi
nho nhat.

208.

DINH LY ( Céng thitc EULER — BDT vé bén kinh).

Cho tam giac nhon ABC. Béan kinh vong tron tam O ngoai tiép ABC va béan kinh vong tron
tam I noi tiép tam gidac ABC lan lugt 1a R, r. Khoang cach OI = d. CMR:

a) d* = R* — 2Rr (cong thic EULER).

b) R > 2r (BDT bén kinh ).
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209. (Bit ding thitc POTOLEME).
Cac canh clia mot t gidc 16i theo thit tur 1an lugt 1a a, b, ¢, d. Hai duong chéo 1a e va f. CMR
ac + bd > ef, dau bang x4y ra khi v chi khi tit gidc 13 hinh noi tiép trong vong tron.

210. (Bit déng thitc ERDOS — MORDELL).

Cho P 1a mot diém thudc tam gidc ABC (P ¢6 thé nim trong hay ndm trén chu vi clia tam
giac). Khodng cach tit P dén A, B, C'1an lugt 1a u, v, w: khoang céch tit P dén cac dudng thang
BC,CA, AB lan lugt 1a ,y, z. Khi do:

utv+w>2x+y+2)
dau béng x4y ra khi va chi khi P 1a trong tam cla tam gidc déu ABC.
211.
a) Trong cac tam giac ¢6 cung chu vi tam giac déu c6 dien tich 16n nhat.
b) Trong cac tam giac cling dién tich tam gidc déu ¢6 chu vi nhé nhat.

212. Chitng minh ring bat k¥ mot tam gidc nhon nio cé dién tich bing 1 ciing c6 thé dat
duge trong mot tam gidc vuong 6 dien tich khong qua /3.
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