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1 TRAI KHUNG HINH LAP PHUONG LEN MAT PHANG

Phan I
Khéi Lap Phuong va Cac Bai Toan Lién Quan

Khéi lap phuong va cac bai toan lién quan 1 mot dé tai tha vi hap dan va luon luon tré,
luon 13 161 thach thice déi véi hoe sinh va ca gido vien. Trong dé an nay song song véi muc dich
tdng hop, phan loai v hé théng héa cac két qua quan trong ciia cic nghién ctu tap trung veé
khdi 1ap phuong, ching t6i con dua muc tiéu dé day dé hoc va khoi nguon cam hitng cho cac
phét trién tiép theo.

Nhitng bai toan lien quan dén khéi lap phuong thi rat nhidu, nhung nhitng tai licu tong
két va phan loai bing tiéng Viet rat it, mot phan do han ché vé in mau ciing nhu cong cu thé
hién, vi dé tai nay doi hoéi nhiéu minh hoa bang hinh vé c¢6 mau sic. Trong gidng day chiing ta
ciing cam thiy van dé phéng vi khong gian c6 mdc phan cach chinh 13 khéi lap phuong. Lam
ban duge v6i cach nhin va suy nghi lap phuong thi viéc chiém linh nhan quan va phuong phap
clia todn hién dai tré thanh gan giii. Day 1a ban tiéng Viet duge chuyén tit ban tiéng Anh [1]
trong ki yéu chao mimg cudc thi HOMC trd thanh cudc thi qudc té. Trong bai nay, ching to6i
c6 them phan céc phép quay ddi xtng cta hinh lap phuong. Mot s6 chitng minh dude bd xung
dé phuc vu tét hon cho ngusi doc.

1 Trai khung hinh lap phuong lén mat phang

Bai toan 1. Hay chi ra rang ¢é 11 khung cda hinh lap phuong. Cdc truong hop cé thé nhan
duge nhau tw phép quay hode doi zing khong tinh la khdc nhav.

Loi gidi: Ching ta c6 thé liet ké cac khung hinh lap phuong theo cach phan chia cac truong
hop rieng biet. Khi trai khung hinh lap phuong lén mit phang c6 cac trudng hop sau:

a) C6 4 hinh vuong duge xép thanh hang. Khong thé c6 tit 5 trd len s6 hinh vuong duge
xép thanh mot hang, vi khi gap lai thanh khoi sé ¢6 hai mét ndm trung lén nhau. Ta c6
6 kiéu khung dugc ki higu tir 1) dén 6).

4) 5) 6)



1 TRAI KHUNG HINH LAP PHUONG LEN MAT PHANG

b) Chi ¢6 ding 3 hinh vudng duge xép thanh mot hang. Ta nhan duge cac khung gom 3 dong
(2,3,1) cac 06 vuong theo hinh 7), 8), 9) va mot hinh 2 dong (3, 3) 6 vuong theo hinh 10).

g== L

7) 8) 9) 10)

¢) Cudi cung con mot hinh gém 3 dong (2,2,2) 6 vuong nhu & hinh 11).

11)

Tt cac khung trén ching ta chi viéc gap lai sé nhan duge hinh 1ap phuong.

Cau héi duge dat ra:

Bai toan 2. Cdt mot hinh lap phuong theo cic canh nao dé khi trdi ra ta nhan dugc khung lap
phuong?

Hudng dan: Minh hoa theo hinh vé.

Exercise 1.1. C#t cac hinh lap phuong theo céc canh tuong tng dé nhan dude cac khung lap
phuong tit 1) dén 11).

Exercise 1.2. Trong hinh sau day hinh bén tay trai 14 hinh trai phing ctia hinh nao tit cac
khéi A, B, C, D dugc cho 6 bén phai?



2 KHOI LAP PHUONG
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Exercise 1.3. Trén hinh 13 cdc khung gom 5 hinh vuong va 2 hinh tam gidc. Hoi nhitng khung
nio c6 thé gap lai cho ta hinh lap phuong?
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Bai toan 3. C6 thé cit mot khoi lap phuong thanh 20 khéi lap phuong nhé? Thanh 50 khoi lap
phuong nho duge khong?

2 Khbi lap phuong

Loi gidi: C6 thé duge cho ca hai truong hop.

Xuét phét tir: 2 x 2 x 2, 3x 3 x 3,4 x4 x4. Co thé cit tir 1 tao thanh 8, 27, 64 khéi lap
phuong nhoé hon. Chiéu ngugde lai sé 1a ghép cac khoéi nhé thanh 64 — 1, 27 — 1, 8 — 1 khoéi
16n hon.
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Do dé:
20=27T—-(8—-1)=27—-T.
50=64—-2-(8—1)=64—2-T7.

Bai toan 4. C6 thé cit mot khoi lap phuong thanh 48 khéi lap phuong con dugce khong?

Dap s6: Co6 thé.
27 +3.(8—1)=27+3-7 = 48,

Bai toan 5. C6 thé cit mot khoi lap phuong thanh 49 khéi lap phuong nhé hon duge hay khong?

Dap s6: C6 thé.
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Dung khdi hop canh 6 don vi (6 x 6 x 6). Chia thanh 6 x 6 = 36 khoi don vi (1 x 1 x 1);
3x3=9khdi (2x2x2)va2x2=4khdi (3 x3x3). Khid636+9+4=49.

Exercise 2.1. V6i gia tri nao ctia n thi c6 thé cit mot khéi lap phuong thanh n khéi lap
phuong nho?

Exercise 2.2. C6 thé cit mot khéi lap phuong thanh nhitng hinh chép gidng hét nhau duge
khong? Cé thé cit duge thanh 3 hinh chop gidng hét nhau duge khong?

Loi gidi:
a) Co the.
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N6i tam ctia khdi lap phuong véi tat ca cic dinh ta dude 6 hinh chép tring khit nhau.
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3 CAT HINH LAP PHUONG BANG MAT PHANG

b) Co6 thé.

No6i cac dinh ctia mot mat véi mot dinh khac khong ndm trén mit d6 va tiép tuc nhu vay
ta duge 3 hinh chép trung khit nhau.

Bai toan 6. Mot khoi lap phuong dude chia thanh céc ti dién. Héi it nhat nhan dude bao nhiéu
t¢ dien?

Loi gidi: Mdi mat ciia khoi lap phuong 13 hinh vuong, nén can it nhat chia thanh 2 phan. Chon
hai mit (cta khoi 1ap phuong) d6i dien nhau. Nhu vay ¢6 4 tam gidac ma khong ¢6 2 tam giac
nao & ciing mot tit dién, cac t dién c6 mit 14 mot trong boén tam gidc nay co6 téng thé tich

2 N R
khong qua 3 do d6 can nhieu hon 4 t@ dién.

C&t thanh 5 tit dien c6 thé duge. Chon 4 dinh khong c¢6 2 dinh nao duge néi véi nhau. Ta
duge mot tit dien déu. V6i 4 mit cia ti dién nay duge ghép véi 4 tit dien khac va phtt hoan
toan khoi 1ap phuong (nhu trén hinh vé).

3 CAat hinh lap phuong bang mit phang

Bai toan 7. Cdc mat cdt cé thé cia mat phing vdi khoi lap phuong.



3 CAT HINH LAP PHUONG BANG MAT PHANG

Hinh ngil giac Hinh luc giac

Bai toan 8. Mat cdt ciia hinh lap phuong va mat phdng cé thé la:
a) Tam gidc deu?
b) Luc gigc déu duge hay khong?

Loi gidi: Minh hoa béang hinh vé.

Bai toan 9. Cho hinh lap phuong ABCDA'B'C'D’. Hdy dung thiét dién cia mdat phdang (p)
di qua 3 diém M, N va L (trén hinh vé) va hinh lap phuong.



4 DOI XUNG MAT, TRUC, CAC PHEP QUAY QUANH TRUC CUA KHOI LAP PHUONG
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4 Doi xitng mat, truc, cac phép quay quanh truc cuaa
khoi lap phuong

Bai toan 10. Khoi lap phuong cé bao nhiéu mat doi wing?

Loi gidi: Khéi 1ap phuong 6 2 loai mat phang dbi xitng. Loai vuong géc véi canh (3 mat phang)

va loai vuong goc vaéi dusng chéo ctia mat (6 mit phing). Tong cong 1a 9 mat phing ddi xing
nhu trong hinh duéi day.
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4 DOI XUNG MAT, TRUC, CAC PHEP QUAY QUANH TRUC CUA KHOI LAP PHUONG

Bai toan 11 (Truc quay). Khoi lap phuong cé bao nhiéu loai truc quay? Méi logi ¢ bao nhiéu
truc? Moi logi truc quay cé cap do doi zing quay la bao nhiéu?

Ghi cha: S6 lan quay quanh truc dé hinh tré lai vi trf ban dau duge goi la cip do déi xing
cua phép quay.
Loi gidi: Mot khoi lap phuong ¢6 3 loai truc quay.
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Loai 1 — ky hiéu 1a ¢;: C6 3 truc di qua tam clia cac mit déi dien. Co cap do ddi xing la
4 (sau khi quay 4 1an 90° thi trd lai vi tri ban dau). Vi thé c6 3 x 3 x 3 cach quay dé khéi lap
phuong bién ddi thanh chinh né (nhung khong phai tat cd cac diém thanh chinh no).
Loai 2 — ky hiéu 1a t3: C6 6 truc ma mdi truc di qua cac trung diém ctia mot cdp canh déi
dien (khéi lap phuong ¢6 12 canh chia thanh 6 cip canh d6i dién trong khong gian). Cap do
déi xtmg truc 1a 2 (quay 180°). Vay ¢6 6 x 1 cich quay.
Loai 3 — ky hiéu 1a t3: C6 4 truc quay 1a 4 duong chéo khdi. Loai ndy c6 cap do ddi xing 1a 3
(quay 120°). Nhu vay loai nay ¢6 8 X 2 cach bién hinh.
Nhu vay cé tong cong 13 truc quay va 9 + 6 + 8 = 23 phép quay bién khdi lap phuong thanh
chinh n6 nhung khong 1a phép dong nhét.

31

Ghi chii: Ngoai cac miit phang déi xiing, cac truc quay khéi lap phuong con c¢6 tam déi xing
chinh 13 tam ctia khdi 1ap phuong. Cac phép bién hinh nay tao thanh nhém octahedron c6 48
phan ti.

Exercise 4.1. Lap bang biéu dién tich ctia cac phép quay ddi xtng da cho trong bai trén.

11



5 To mau

Bai toan 12. Can it nhat bao nhiéu mau dé to cic dinh cia khoi lap phuong sao cho cdc dinh
duge noi vdi nhau (cé canh chung) thi cé6 mau khdac nhau?

Loi gidi: Can 4 mau.

F

Bai toan 13. Can it nhdt bao nhiéu mau dé to cdc canh cia khoi lap phuong sao cho cac canh
c6 chung dinh thi c6 mau khdc nhau?

Loi gidi: Can 3 mau.

b = = = & = o

Bai toan 14. Can it nhit bao nhiéu mau dé to cic mat cia khéi lap phuong sao cho cdc mat
co chung canh thi c6 mau khdc nhau?

Loi gidi: Can 3 mau.

12



5 TO MAU

Bai toan 15. C6 bao nhiéu cdch to cac mat cia khoi lap phuong thanh cic mau den va tring
sao cho moi mdt chi mot mau va cde vi tri nhan duge to phép quay khong tinh la khac nhau?

Loi gidi: Son cac mat cta hinh 1ap phuong bang ding hai mau den tring mdi mét chi mot mau
thi ¢6 8 cach, néu ca hai cach thuan tat ca chi toan tring hofic toan den thi thém 2 cAch nita.
Toéng cong 8 + 2 cach. Ta dém theo s6 mit den duge son (tat nhién cac mit con lai duge son
tring).

Mot mat den c6 1 cach. Hai mit den c6 hai cach hodc canh nhau, hodc déi dien. Ba mat
mau den: xuat phat tir 2 mau néu da c6 hai mat doi dien den thi thém mot mét nita nhu vay
thém mot cach. Néu hai mat den canh nhau thi thém mot canh sao cho thanh 3 mit den ¢6
chung dinh — nhu vay ciing them mot cach. Tiép nita quay lai xét mau trang (d6i xing). Ta
lap dugc bang nhu sau.
Sbmitden 0 1 2
S6 mat tring 6 5 4
S6cachson 1 1 2 2

Toéng cong c¢6 10 cach (trong d6 co 8 cich sit dung ding 2 mau).

3 4 5 6
3 2 10
2 1 1

Bai toan 16. Cd thé son cdc mdat cia mot hinh lap phuong bing ding 6 mau sao cho moi mdit
chi mot mau va hai mdt bat ki deu cé mau khdc nhau. Héi ¢6 bao nhiéu cich son néu hai vi tri
khdc nhau duge nhan to nhau bdi phép quay khong tinh la khdc nhau?

Loi giai: C6 30 cach.
Dau tién ta son mot mit bing mau d6 va dat hinh 1ap phuong trén mit nay (mit bi che
khuét). Nhu vay con 5 mat. Mat trén ciing ¢6 5 cdch. Bén mat con lai ¢6 thé xoay tron nén c6

1
4-3~2-Z:6Céch.
Tong cong sé ¢6 5 -6 = 30 cach.
Bai toan 17. C6 bao nhiéu cich son cdc mdat cia mot hinh lap phuong bing ding 5 mau sao
cho moi mat chi mot mau néu hai vi tri khdc nhau duge nhan ti nhau bdi phép quay khong tinh
la khdc nhau.
Loi giai: C6 75 cach.
C6 dung 2 mit ¢6 cung mau. Cadc mau con lai mdéi mau son mot mit. Nhu vay ¢6 5 cach chon
ra mot mau dugce st dung 2 lan.
+ Néu 2 mat ciing mau 1a hai mat d6i dién, ¢6 dinh 2 mat nay thi 4 mat con lai c6 4! = 24
, 4! .
cach, nhung cac vi tri nay c6 4 cach c6 the quay, v@y con (Z) cach, nhung hai mat trén
va duéi ciing c6 thé ddi chd cho nhau (quay quanh truc vuong géc véi 2 mit ciing mau),

do d6 chi con ¢6 6 : 2 = 3 cach.

+ Néu hai mat cing mau c¢6 canh chung, thi 4 mat con lai c6 24 cach, nhung trong s6 nay
c6 cac cip la tring nhau qua phép quay 180° quanh truc la dudng thiang di qua trung
diém ctia canh chung v trung diém canh déi dién v6i canh chung. Nhu vay chi con 12
cach.

Nhan tat cd v6i 5 cach chon mau cho hai mat cing mau ta duge 5 x (3+12) =5-15 = 75.

13



5 TO MAU

Bai toan 18. C6 bao nhiéu cdch son cdc mdat cia mot hinh lap phuong bang ding 3 mau sao
cho moi mat chi mot mav néu hai vi tri khdc nhau dude nhan ti nhau bdi phép quay thi khong
tinh la khdc nhau.

Lai giai: C6 30 cach.
Gid st cdc mau 1a do, tring va xanh. S6 lugng cac mit ¢6 cung mau lan lugt 1a (4,1, 1), (3,2, 1),
(2,2,2).

+ Ta xét trudng hop (4,1,1): C6 3 cach chon mot mau dé son cho 4 mit cing mau d6. Gia
stt ¢6 4 mit mau dé. Vay con 1 mit tring va 1 mat xanh, hai mat nay ho#c déi nhau
hodc canh nhau (c6 canh chung) vay c6 3 x 2 = 6 cach khéac nhau.

+ Truong hop (3,2,1): C6 3 x 2 = 6 cach chon mau. Gia st bay gio ¢6 3 do, 2 tring va 1
xanh. Ta son mit dudi ciing mau xanh. Vi tri ciia 2 mit mau trang so véi mit mau xanh
¢6 3 kha niang khac nhau. Cé thé 1a mat tring déi dien véi mit xanh, con mat tring thi
2 chon bat ki thi véi phép quay vi trf tuong déi 1a nhut nhau. C6 thé 1a hai mat tring déi
dién nhau hoac 2 mit trang canh nhau nhung khong c6 mit nao déi dién véi mit xanh.
Cac mit con lai 14 mau d6. Nhu vay c6 tat cad 6 x 3 = 18 cach.

+ Truong hop cudi cung khi cd 3 mau déu c6 dung 2 mat. Cach chon mau khong gay anh
hudng. Néu c6 mot mau hai mit cia mau nay doéi dién nhau con hai mau kia cac mat
canh nhau thi ¢6 3 kha ning vi ¢6 3 cach chon mau cho bo doi dién. Néu c¢6 thém mot
cip mit ciing mau ddi dién nhau thi cip mit thi 3 ciing déi dien nhau va nhu vay do
phép quay chi c6 mot kha ning. Con lai truong hgp khong ¢ cdp cing mau ndo nam dbi
dien nhau. Vay cd ba mau 14 cAc cip mat lién nhau (chung canh). C6 2 kha nang c6 thé
(xem hinh vé).

Vay c6 3+ 1+ 2 = 6 kha ning cho truong hgp nay.

Tong hop ca 3 trudng hap ta c6: 6 + 18 4+ 6 = 30 kha niing.

Exercise 5.1. C6 bao nhiéu cach son cac mét clia mot hinh 1lap phuong bang ding 4 mau sao
cho mdéi mit chi mot mau. Néu hai vi trf khac nhau duge nhan tit nhau bdi phép quay khong
tinh la khac nhau.

Dap so: 68 cach.

Exercise 5.2. C6 bao nhiéu céch son cdc mat clia mot hinh 1ap phuong biang n mau sao cho
moi mit chi mot mau néu hai vi tri khac nhau duge nhan tit nhau béi phép quay, déi xing
hay phép lat hinh c6 chung mau thi khong tinh 1a khdc nhau. Ghi chi: Trong bai nay s6 mau
duoce dung 14 n nhung khong bat bugce phai ding hét.

14



1
Dap so: 51 (n® + 3n* + 12n + 8n?).

Bai toan 19. C¢ bao nhiéu cach son cdc mat cia hinh ldp phuong bdi ba mau: Do, xanh, vang
sao cho cé hai mat zanh, hai mat do, hai mat nau va cic hinh nhan dugc tw nhau bang phép
quay khong tinh la khdc nhau?

Loi gidi: C6 6 cach.

+ Khi 2 mit do d6i dien nhau. Khi d6 hodc cac mau khac ciing d6i dién nhau (1 cach) hosic
khong ddi dien nhau (1 cdch). Nhu vay ¢6 1+ 1 = 2.

+ Khi 2 mit d6 canh nhau (¢6 canh chung). Xét 2 mit d6i dien nhau va ¢6 chung dinh v6i
2 dinh ¢6 canh chung clia 2 mit d6. Néu cdc mit ndy dong mau (2 cach) hodc khac mau
(2 cach). Do d6 ¢6 2 +2 =4.

Téng cong 2 + 4 = 6 cach.

Exercise 5.3. C6 thé son 8 quan xtc xic bing hai mau sao cho bat ki tit mau nao ta ciing c6
thé ghép hinh lap phuong c6 mau theo yéu cau hay khong?

Loi gidi: C6 thé.

_§

Bai toan 20.

a) Néu cic mat cia 27 khéi lap phuong con dugc son bit ki bing hai mau. Héi cé thé ghép
thanh mot hinh lap phuong lon 3 x 3 X 3 ¢é bée mdt cung mot mau hay khong?

b) Néu diéu kién bdt buoc la trén mot hinh lap phuong con sé6 mdat mau nay phdi bing so
mdat ctia mau kia thy muc dich ghép mot hinh lap phuong cé bé mdt cung mot mav cé thuc
hién dugc khong?

Loi gidi: a) Khong thé.
Son 13 hinh lap phuong mau dé, 14 hinh mau xanh. Trén bé mit ctia hinh 1ap phuong 3 x 3 x 3

cd hai nhém déu c6 mit.
b) Khong the.

15



5 TO MAU

Trong trudng hgp niy ngudi ta c6 thé son cdc hinh 1ap phuong con theo hinh di kem (mat
khong nhin thdy ¢6 mau vang).

Bat ki dinh nao cta lap phuong con déu khong ¢6 ciing mot mau bao quanh. Do d6 khong
thé tao duge 1ap phuong 3 x 3 x 3 cho bé ngoai mot mau (chi § cdc dinh 1a dinh cta lap phuong
16n).

Exercise 5.4. C6 27 khéi lap phuong mau tring. C6 thé son cac mit ciia cac hinh bing mau
dé sao cho khong thé xép duge hinh lap phuong c¢6 bén ngoai mau dé. Hoi s6 mit nhidu nhat
¢6 thé son 1a bao nhieu?

Exercise 5.5. C6 khoi lap phuong 3 x 3 x 3. Dinh A 14 quan lap phuong con dude son mau
dé (tat ca con lai 1A mau tring). Bach Tuyét mudn di chuyén quan mau dé sang vi tri déi dién
trén hinh l1ap phuong lén. Quy tic di 1a c6 thé doi vi trf 16p ndo dé dang chita quan mau dd
cho 16p ndm bén canh, va Phut Thily chi cho phép thuc hién cong viéc bang ding mot sd bude
nhit dinh cho trude (tit 5 dén 10 budc). Hoi ai c6 thé dat muc dich ctia minh?

Bai toan 21. Can son 27 khoi lap phuong nhé bing 3 mau sao cho c¢d thé ghép duge thanh 3
khoi lap phuong 3 x 3 x 3 ¢6 ba mau khdc nhau?

Loi gidi:

Goi ba mau d6 1a xanh dam (B), vang (V) va xanh non chudi (G). Nhu vay dé to mau B bé
ngoai ctia khéi 1ap phuong 16n can 6 x 9 = 54 mat vuong con c6 mau B. Tuong ty cho hai mau
kia ciing vay. Nhu thé t6i thidu cho 3 mau son ta can 54 x 3 = 162 mét hinh vuong nho. S6
162 nay ciing chinh béng s6 mat hinh vuong nho ¢6 tir 27 khdi 1ap phuong nhé (27 x 3 = 162).
Nhu vay vé nguyen tic c6 thé co cach t6 néu chi xét vé s6 lugng cdc mat hinh vuong nhé.

Ta xét cdc mit mau B (blue). Can 8 khdi 1ap phuong nhé & 8 dinh ¢6 3 mit duge son mau B;
12 kh6i ndm theo canh c¢6 2 mat B va 6 khdi nim & gitta ¢6 mot miat B. Ky hiéu cac cau hinh
ndy 1a Bs, By, By. Ddi v6i hai mau kia ciing vay véi ky hi¢u tuong ing Y (yellow) va G (green).
Sau day 14 mot 10i gidi tuyét dep minh hoa duge bang hinh vé.
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6 HANH TRINH TRONG KHOI LAP PHUONG

Tap trung cac loai cau hinh ta c6 8 bo Gs, Y3, Bs; 12 bo Go, Ys, By va 6 bo G4, Yi, Bi.
Cac cau hinh nay duge xip xép nhu sau:
6 khél (Gg, }/2, Bg), 6 khél (G3, Yé, Bl); 6 khél (Y},, BQ, Gl); 6 khél (Bg, GQ, Yi),
1 khéi (G, Ya); 1 khoi (Y, Bs); 1 khéi (Bs, Gs);
V6i cac cau hinh nay ta chi viec “khéo” ghép dé thanh nhitng hinh khéi bé ngoai dong mau
theo yéu cau bai toan, phan nay danh cho ban doc.

6 Hanh trinh trong khéi lap phuong

Bai toan 22. Trén ludi lap phuong vdi niut 3 x 3 x 3. C6 bao nhiéu cich di ngdn nhat ti mot
dinh nay sang dinh doéi dién?

Loi gigi: C6 tong cong 90 céch.
Bai toan t6 hgp dém dugc minh hoa trong hinh vé:

A 1 1
1 2/ 3

> W V4 S
VaS ]
T RN
Ex):""ﬂ:}":L""7 P ’ré
AT 3 T 12 ¢ 1 20
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P A 4 N P v Ve

Bai toan 23. Xét ludi lap phuong cé cac dinh lgp thanh nat 3 x 3 x 3. Ki hiéu cdc dinh la
ABCD wva EFGH trong dé (A,E), (B,F), (C,G) va (D,H) la cic cap dinh doi nhau. Hay
chi ra ring cé thé néi cdc canh cia ludi lap phuong sao cho 3 cap dinh déi nhau ¢é duong riéeng
biet dan dén nhau ma khong duong nao cé dinh chung, nhung khong ton tai cich noi nhu vay
cho 4 cap dinh.
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7 MOT SO BAI TOAN KHAC

Goi y: Xem hinh vé.
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Exercise 6.1. Canh cam lam toidn mai, nén muén di dao quanh biét thy thuy tinh ctia minh.
Léi di 1a cac doan thiang ndi cac nit. Trude khi di canh cam mudn vé mot so do di dao sao cho
modi nit chi phai qua mot 1an.

Ligu canh cam c6 lam duge khong? Hay gitp canh cam nhé cac ban!

jra -
; s 1

7 Mot s6 bai toan khac

Exercise 7.1. An va Binh cling chai tro choi tung xic xic. Trén bé mit clia quan xic xic
ctia An c6 ghi cac s6 4, 6,10, 18, 20, 22, clia Binh ¢6 ghi cac s6 3,9, 13,15, 17, 25. Hai ngudi cung
tung xtic xac clia minh, s6 cta ai 16n hon nguoi d6 thang. Ai c6 xac suat chién thang cao hon?

Exercise 7.2. An va Binh chai tro tung xtc xac. Trén xtc xic cia mdi ngudi déu c6 ghi cac
s6 nguyén duong. C4 hai ngudi cing tung xtc xdc, sé clia ai 16n hon thi ngudi d6 thing cuoc.
Néu trung binh cong céc s6 ciia An 16n hon trung binh cong cac s6 ctia Binh thi kha ning chién
thang clia An 16n hon ctia Binh hay khong?

Exercise 7.3. An va Binh tham gia mot tro choi tung xac xdc. Trén ban ¢6 ba quan xic xic
chura ghi gi. An duge quyén ghi cic s6 tit 1 dén 18 1én cac mit clia ba con xfic xic moi s6 mot
mit theo ¥ thich ctia minh. Binh duge chon mot con xic xac da ghi s6, sau d6 trong hai xic
xac con lai, An duge chon mot con. Mot con bi loai. Va duge choi nhu cac bai trén, ai tung
duoc s6 16n thi ngusi do thing. Hoi ai c6 xac xudt 16n hon dé thing tran?

18



7 MOT SO BAI TOAN KHAC

Bai toan 24. Hay cdt tw ludi 6 vuong 3 X 3 mot hinh lien mdnh la khung cia khoi lap phuong
kich thudc 1 x 1 x 1 sao cho cdc nhdt cdt hodc song song hodc vuong géc vdi nhau.

Loi gidi:

Cach cdt thit nhdt: Qué trinh cit duge trinh bay qua loat céc hinh vé minh hoa duéi day. Trong
hang trén chiing ta nhu sit dung luéi 3 x 3 nhung thuyc sy khong phai vay. T bude thid 3 ta xoay
hinh 45°. Va thuc chit ta xudt phat tit mot hinh vuong kich thuée nhé hon chi can 2v/2 x 2v/2
(< 3 x 3) dé cit khung ctia hinh lap phuong.

Cach cdt the 2: Ta gitt tieu chuan céac nép gap doc theo duong ludi. Cing xuat phat tir cac
nhat kéo 45°, nhung dé cac nép gip song song véi khung ludi (trong hinh 1a nhitng dudng gach
gach) ta duge khoi hinh hop ¢6 do dai 1a 1 don vi. Véi cach cdt nay can hinh vuong kich thude
3 x 3.

la
1c | 1b
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8 KHAI NIEM KHOANG CACH

Phan 11
Hinh Hoc Taxi

8 Khai niém khoang cach

v/

Hinh hoc " MAT" Hinh hoc "CHAN"

Hinh hoc “mét” chinh 13 hinh hoc Euclid ma chiing ta thuong diing hang ngay dé dinh vi.
Trong giao thong doi hoi “dén duge noi Ay” mang mot tam quan trong khac va ching ta phai
diing dén hinh hoc “chan”. Hinh hoc mat c6 tinh téng thé bao nhidu thi hinh hoc “chan” lai
mang nhiéu mau sic ca thé bay nhiecu.

Dinh nghia 1. Trong hé toa do vuong géc khoang cich ciia hai diém 14 do dai nhé nhét cia
nhitng duong gap khic - ma cac khiic 1a cac doan théng song song v6i mot truc toa do nao do
- n6i hai diém dé véi nhau.

Dinh nghia 2 (Cong thitc). Trong hé toa do vuong goc khoang cach ctia hai diém P(p,, p,); Q¢ qy)
1511 d = ‘px - Qx| + |py - qy“

Bai toan 25. Hai dinh nghia la tuong duong.

A
5]
4 - _?B
i
1 Lfl ________________________________ i
I 2 3 1 5 6 7.

Bai toan 26. d: R? x R? — R, (tap s6 khong am) 13 mot ham do do.

i) d(a,b) = 0 khi va chi khi a = b.
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9 LICH SU HINH HOC TAXI.

ii) d(a,b) =d(b,a).
iii) d(a,c) < d(a,b) 4+ d(b,c) ( BDT tam giac).
Ghi chi: Hop ctia hai duong gap khic ciing 1a duong gap khic do d6 theo dinh nghia 1.1 ta c6
ngay d(a,c) < d(a,b) + d(b,c).
Khéai niem do do nay duge goi 1a do do taxi, nhiéu nodi ngudi ta con goi 1a khodng céch
Manhattan — vi hé théng giao thong ctia thanh phé nay 13 mai truong Iy tudng dé tng dung

loai hinh hoc nay. Trong trudng hoc hinh hoc nay giita cac ban hoc sinh con phd dung cai tén
hinh hoc con Cg Ho.

Bai toan 27. Khoang cach Euclid luon nhé hon hofic bang khodng cach Taxi.

Hudng dan. |z — 1] + |22 — yo| > /(21 — y1)2 + (22 — 1)

9 Lich st hinh hoc taxi.

Cudi thé ki XIX dau XX nha toan hoc gbc Ditc Herman Minkovski (1864 — 1909) da dua
ra va khdo sat mot loat cac do do khac nhau, trong d6 c6 do do taxi c6 nhiéu ttng dung trong
giao thong. Cai tén Hinh hoc taxi dugc xuat hién lan dau tien bdi Karl Menger nam 1928 trong
mot cudc trién ldm mang tén “Ban sé yeu thich hinh hoc” ctia Vien bao tang khoa hoc tu nhien
Chicago to chitc. Nam 1975 nhan thiy tam quan trong ting dung ctia hinh hoc taxi Eugene
Krause da xuat ban cudn sach Taxicab Geometry tao tién dé co ban cho viéc nghién citu va
phét trién nhanh hinh hoc tng dung nay.

Ngay nay trong qué trinh sit dung ngudi ta da tinh vi héa khoang cdch Manhattan.

Néu hé théng dudng giao thong van 1a cac duong phd tao thanh luéi 6 vuong, nhung céc diém
khong nhat thiét ndm tai cac nga tu, thi khodng cach ngin nhat giita hai diém trong thanh
ph6 dugce diéu chinh lai.

Vi du: Céc 6 vudng clia ludi vin giit khodng cach don vi. Hai diém X va Y (& day hai diém
nim trong cing mot cot) c6 khoang cach la:

d(X,Y)=1|d—bl+min({a} + {c},2 — {a} — {c}).

Trong bai bdo nay ching ta sit dung cac khai niem khodng cach theo do do Taxi nhu phan
dau da dinh nghia. Tap hop cac diém duge xét dén 1a tap cac diém nit giao ciia cac dudng ludi
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10 DUONG THANG VA DUONG TRON

0 vuong.

Trong hinh hoc taxi khéi niem thang chi con mang ¥ nghia ngin nhat. Gita hai diém c6
nhiéu duong gap khiic c6 do dai ngdn nhd nhat (v vi thé bing nhau) ndi hai diém. Khai niem
dudng tron sé duge hidu la cach déu mot diém. Vi tinh duy nhét cita sy thing da khong
tdn tai nén cac khai niem thing hang va dong quy mang ¥ nghia khéc.

Maoi truong Hinh hoc taxi 1a mot moi truong c¢6 do do, c6 nghia la trad 1oi duge dung sai, do dé
lam duge toan. Nhung moi truong nay khong phai 1a khong gian vector hay t6 pd Hausdoff |
hodc to po Borel d6 do rat can trd cho qua trinh xay dyng Iy thuyét vé giai tich.

Mai truong ap dung ctia hinh hoc taxi gan than thudc véi toan roi rac hon va vi thé cac nghién
citu dudi quan diém toan roi rac ¢6 nhidu két qua tich cuc kha quan.

Mot s6 cac két qua dep lien quan dén moi trudng hinh hoc taxi: Trude hét phai ké dén hinh
hoc 1u6i 6 vudng ma dinh diém 1a dinh 1y Pick:

Dinh 1y 1 (Dinh li Pick). Cho P la mot da gidgc don c6 cic dinh la cic diém nguyen, I la s6
diém nguyén ndm trong va B la s6 diém nguyén ndm trén bién cia P. Khi dé ta ¢é ding thic:

1

Trong do Sp la dién tich cia da gidc P.

Bai toan 28. Trong ludi 6 vuong s duong di ngin nhét tir diém A dén diém B 1 hai dinh
(a+b)!
ald!

ctia mot hinh chit nhat kich thudc a x b la:

10 Duong thang va dudng tron

Trong hinh hoc Euclid ngusi ta dinh nghia dugng tron 14 tap hgp ciia nhitng diém trén mat
phing cach déu mot diém cho truée mot khoang cho trude. Dinh nghia nay ciing hoan toan st
dung duge trong hinh hoc taxi.

Hinh tron don vi trong hinh hoc taxi vé hinh anh 1a hinh vuong don vi véi cdc dinh Ia
(0,1); (1,0); (0,—1) va (—1,0) vi n6 théa man phuong trinh |z| + |y| = 1 ciing chinh la
cong thitc khoang cach trong hinh hoc taxi. Tuong tit nhu vay.

Dinh nghia 3. Duong tron tam P(p,,p,) v6i ban kinh taxi r 1a hinh vuéng c6 cac dinh la
(Pe +7:2y); (Do Dy +7); (Po =7, 2y); (Dws Py — 7).

Dinh nghia 4. Ba diém 1, 25, z3 dudc goi la ndm trén mot “dudng” thing néu ton tai mot
hoan vi m € S5 sao cho d(Zr1), Tr(2)) + d(Tr(2), Tr(3)) = d(Tr(3), Tr(1)), hay n6i cach khéc ton tai
mot hoan vi ctia ba diém dé bat ding thic tam gidc thanh ding thic.

Bai toan 29. Dudng thing 13 ham dong bién.

Loi gidi: Trong hinh vé dudi day cac mién dude t6 mau xam i noi cé cac diém thiang hang véi
hai diém P va @ cho trudc.
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10 DUONG THANG VA DUONG TRON

Trén hinh ta ¢c6 PX va QY song song véi truc y; PY va QX song song véi truc z.

Bai toan 30. Trong hinh hoc taxi khong phai qua 3 diém bat ki ta déu c6 thé ké dudng thing
hay vé duge dudng tron.

Trong hinh tiép theo phan mit phang duge to xam la noi c6 cic diém khong ndm trén mot
dudng tron ciing hai diém cho truée P va Q.

o) day XP va Y Q song song voi duong thang y = = con Y P va X(@ song song véi dusng
thing y = —x.
Ta hay ké cac dudng thing c6 dang song song véi y = z va y = —x di qua P. Gia st ring diém
@ n&m trong mot phan tu mat phang phia ben phai va p, < g, (7 trudng hop khéc lam tuong
tu). Nhu vay céc dudng tron c6 thé xe dich theo 3 cach dé c6 thé di qua P va @ theo cach dudi

e

Thay ddi do 16n ctia cac hinh vuong — dudng tron taxi (trong truong hop 1 ca vi tri ciing
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10 DUONG THANG VA DUONG TRON

¢6 thé thay ddi) ta nhan thay ring ngoai nhitng viing bi t6 mau xdm trong hinh 4 thi qua tat
ca céc diém khac va hai diém P, Q ta déu vé dugc mot dudng tron taxi.

Téng két: Phan dude to xam cta hinh 3 va hinh 4 khong phit nhau hoan toan, ¢6 phan tram
(giao) nhau nhung méi phan déu c6 diém rieng. Diéu nay néi lén ring c6 thé c6 duong thing
va dudng tron qua 3 diém va c6 thé c6 nhidu duong tron di qua 3 diém cho trudc.

Trong hinh hoc Euclid dudng trung triyc ctia hai diém (doan thing 13 tap hgp nhitng diém céch
déu hai diém da cho. Hinh thitc ctia khéi niém nay bién dbi thé nao trong hinh hoc taxi.

Bai toan 31. Hay xac dinh tap cac diém cach déu hai diém cho trudc.

Loi gidi: Ta lai gid thiét hai diem P vd @ nim trén mit phang nhu trong hinh vé 5 clia bai
toan trén.

Qua trong tam O ctia hinh chit nhat PXQY ta vé doan thing y = —z dén chu vi (bién) clia
hinh chit nhat (tai diém A v B). Doan thing AB va cac tia xuit phét tit A va tit B song song
v6i truc y ra phia ngoai hinh chit nhat chinh 13 dudng “trung tryc” clia hai diém A va B. Cach
xac dinh dudng nay c6 thé kiém tra biang phuong phap hinh hoc khéng can tinh toan nhiéu.

Bai toan 32. X4c dinh tam dudng tron (néu ton tai) di qua ba diém cho trudc.

Loi gidi:

Nhu ching ta da thiy khong phai lic nao ciing ton tai duong tron di qua bo ba diém cho
trude. Trén hinh v& néu tron vi tri diém R thich hgp (duong chdm chadm gitp ching ta trong
viéc nay) khi d6 ba duong “trung truc” do, xanh dam, xanh non chubi sé dong quy tai mot
diém béi vi néu ton tai dudng tron ngoai tiép thi tam dudng tron chinh la diém thuoc ci ba
duong trung tryc.

Ghi chi: Trong cac truong hgp dic biet c6 nhidu hon 1 dudng tron ngoai tiép ba diém cho
trude.
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11 BAI TOAN UFO

11 Bai toan UFO

Bai toan: Mot UFO (vo hinh) ha xudng thanh phé taxi (mang luéi 6 vuong). N6 tiép tuc
chuyén dong mdi giay dugce 1 don vi taxi (tit diém nguyen ndy sang diém nguyén khac) theo
mot huéng ¢6 dinh (D, T, N, B). Nhiem vu la phai dung méy dinh vi cham duge vao UFO
dé né hien nguyéen hinh. M&i giay may dinh vi c6 thé kiém tra dugc mot diém tuy ¥ trén mit
phéng. Hoi trong thoi gian hitu han c6 thé tim duge UFO hay khong?

B6 dé 1. UFO chuyén dong trén tap cac sé tu nhién tit mot diém béat ki. Mdi budc di dude 1
don vi. Hay tim thuat toan dé tim dugc UFO.

Loi gidi: Néu ca UFO va may dinh vi & cting diém 0, thi hién nhién xac dinh duge ngay. Néu
sau n thoi gian ké tir lic xuat phat ta xdc dinh duge vi trf xuat phat cia UFO vi du tai diém
k, thi tai diem k + n ta sé tim thidy UFO. Vay bai todn tuong duong véi viec tim diém xuét
phéat ctia UFO. Ta lan lugt gia thiét diém khdi dau cia UFO 1 1,2, 3,. ... Ta lap bang:

Budce di thit  Diém xudt phat (1) Diém kiém tra

1 1 2
2 2 2+2=4
n k(=n) n+k=n+n

Néu diém xuat phat gid thiét tring véi diém xuat phat thiyc té thi tai diém kiém tra sé tim
duge UFO.

B6 dé 2. UFO chuyén dong theo mot hudng ¢ dinh trén tap cac s6 nguyen tit mot diém bat
ki. Mdi budc di duge 1 don vi. Hay tim thuat toan dé tim duge UFO.

Loi gidi: Trong bai nay cach suy luan van tuong ty nhu bai trude néu da xac dinh dugc
diém xuat phat thi chi can 2 1an kiém tra (bén trai hay bén phai) 1a tim dugec UFO. Van
dé van la dua ra thuat toan dé giad dinh tit ca cac diém tren mit phing 13 diém xuat phat
c6 thé. Mot vi du lan lugt chon diem xuat phat gid dinh {£1,42,....}. Ta lai tiép tuc 1ap bang:

Budc di tht  Diém xuét phat  Diém kiém tra
1 1 1+1val-2
3 —1 —1+3va—-1-4
5 2 2+5va2—-6
7 —2 —24+7va —-2-38
dn +1 n n+ (4n+1) van — (4n+ 2)
dn + 3 -n —n+ (dn+3) vi —n — (dn +4)

B6 dé 3. UFO chuyén dong theo hudng BAC ( huéng cu thé) trén mit phing taxi tit mot
diém nguyen bat ki. Mdi buéc di duge 1 don vi. Hay tim thuat toan dé tim duge UFO.

Loi gidi: M6 rong cach x8y dung thuat toan dang thuyc hién trong hai bai truée. Trong bai nay
chiing ta can chi ra phuong an di qua tat cd cdc diém nguyén trén mit phang (gid dinh diém
xuat phat ctia UFO va tai moi diém xay dyng phuong an kiém tra tim kiém.

C6 nhiéu phuong 4an di lan lugt cac diém nguyén ctia mit phang. Vi du:
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12 BAI TAP LUYEN TAP

Budc di tht  Diém xuit phat  Diém kiém tra

1 (1,0) (1,1)

2 (1,1) (1,1+2)
3 (0,1) (0,1+3)
4 (—1,1) (—1,1+4)
b} (—1,0) (—1,0+5)
6 (—1,-1) (—1,-146)

Quay vé bai toan chinh.
Ching ta chi can gidi quyét hai thuat toan:

1. Thuat toan danh dau lan luct cic diém nguyén cia mat phzzmg: Sau khi da ro muc dich
thi c¢6 rat nhiéu cach chon cac thuat toan nay.

2. Thuat toan kiém tra tai méi diém gid dinh theo ham thoi gian da troi qua.

RERqRESRpRnRORY S84 Bt ¢
o |
"'"5""' | 4 * o
£ EEi HERERHERHE!
REEEEEE 3
12282 3

Gia st diém gid dinh xuat phat 13 (7, 7) tai thoi diém n. Khi dé diém kiém tra 1an lugt sé

V6i thuat toan nay ta sé tim duge UFO trong thai gian hitu han.
12 Bai tap luyén tap

1. Trong hinh 1a ban d6 ctia mot thanh phd trong thé gidi clia cac con Co ho.
i) Xéac dinh khoang cach AB, BC, CA.
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12 BAI TAP LUYEN TAP

Son bing cac mau khéic nhau cac diém cach A khoadng cach la:

mHEEKE
a) 100 b) 150 c) 200 d) 250 e) 300
ii) Son bing cdc mau khac nhau vi [ cAc vong tron rdng nhd cic diém cach B khoang céach
la:
f) 100 g) 150 h) 200 i) 250 j) 300

2. Trén ban do sieu thanh phé Taxi ki hieu ki, ks va k3 13 nhitng vong tron tam O, Oy O3 va
ban kinh lan lugt 1a 71 = 100, r, = 300, 73 = 500 (do dai cia mot canh 6 vuong 1a 100 don vi).
Héi cac dudong tron doi mot c¢6 bao nhieu diém chung?

Da

3. Cac diem A, B va C nhu trong hinh vé dudi day. Xac dinh cac vi tri cach déu cic diém:

a) Ava B;

b) B va C,

c) C va A;

)
)
)
)

d) Cé bao nhiéu diém céach déu ca ba diéem A, B va C?
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12 BAI TAP LUYEN TAP

B

4. Cho trude ba diém. Hiy x4c dinh tap cac diém cach déu 3 diém da cho. C6 hay khong bo
ba diém sao cho tap cac diém cach déu chiing c6 s6 phan tir la:

a) 1; b) vo cung; c) 2.
5. CM bat déng thiic tam gidc trong hinh hoc taxi.
6. Hai dudong tron trong hinh hoc taxi c6 thé c6 13 diém chung hay khong?

7. Trong thanh phd Iy tudng (hé théng giao thong 1a ludi 6 vuong). Tai diém X (—1,4) xay ra
tai nan giao thong. Hai xe canh sat giao thong dang c6 & gin hién trudng, mot xe tai diém
A(2,1) va xe kia ¢ diém B(—1, —1). Phai dié¢u xe nao dé dén hien trudng nhanh nhét?

8. An va Binh cling tim nha tro trong thanh phé Iy tudng. A lam viéc tai mot nha bank vi
tri tai diem A(—3,—1), Binh lam viéc tai mot truong hoc B(3,3). Ho quyét dinh tim nha tai
nhitng dia diém ma téng quing dudng di ctia hai ngusi 1 ngin nhat. Hay xac dinh céc dia
diém do.

9. Emy dang di trong thanh phd Iy tudng tai diém E(2,1) thi thiy xe ctia minh xip hét xang.
Biét ring tai khoang cich 5 day nha quanh d6 c6 cay xing. Hay xdc dinh vi tri ¢6 thé clia cay
xang?

10. Pham lam viéc trong thanh phd Iy tudng tai dia diém P(1,2). Anh ta khong mudén an trua
& noi xa chd lam viéc qua 3 khu nha. Hay xéac dinh cho Pham vi trf ¢6 thé an trua theo yéu
cau cta anh ta.

11. Mot nha kién tric mudn xay mot nha nghi. Quanh khu viyc dé c6 mot sieu thi ¢ diém
B(—2,1) vA mot san thé thao ¢ diém T'(2,2). Ong ta mudén tim mot dia diém cach sieu thi
khong qué 5 toa nha va cach san tennis khong qua 4 nha. Hay xac dinh céc vi tri dap ing duge
yéu cau ctia nha kién tric.

12. Cong ty trang tri ¢6 ké hoach dat cac den mau trong mot khu phd 1y tudng sao cho tat
ca nhitng chung cu cach trung tam thanh phé 12 tda nha déu cé thé tim thiy mot den mau
khong cach xa minh qué 4 tda nha. Hai can it nhat bao nhieu diém dit den mau?

13. Chinh va Dang cung tim nha 8. Ho thong nhat v6i nhau chon noi ma khoang cach tir dé
dén noi lam viéc cta hai ngudi biang nhau. Chd lam viéc ctia Chinh 14 6 C(—3, —1) va clia Dang
1a 6 D(3,3). Hay tim cho ho céc noi ¢ ddp ing yéu cau cia ho.
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12 BAI TAP LUYEN TAP

14. Trong quan 1y tudng c6 ba trudng hoc tai cac vi tri Quang Trung & diém Q(—4, 3), Nguyén
Hué ¢ diém H(2,1) v Xuan Huong & diém X (—1, —6). Hoi hoc sinh quan nay di hoc thé nio
tai 1a gan nhat — tic 14 phai phan tuyén cho hoc sinh nhu thé nao cho hop 1y?
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13 SPREAD THE CUBE ON THE PLANE

Phan II1

Cubes and related problems

Matematical problems around cubes are very old but remain interesting to this day. They
pose exciting challenges to learners and educators alike. These problems set apart good students
from the average. In this document, I try to summarize and categorize characteristic problems
revolving around cubes. Reference material can be found at [1], [2], [3], [4], [5]-

A number of problems were collected from Hungarian mathematics camps.

13 Spread the cube on the plane

13.1. We will show that 11 flat nets can be drawn for a cube. Cases that can be rotated to
overlap are not counted as different.

We can list the separate nets.

a) There are four squares in a line. Because if there were 5 squares in one line, it could not
be folded into a cube as two faces would overlap. This case provides six different nets

from 1 to 6.
Rl
2) 3)

1)

4) 5) 6)

b) There are exactly 3 squares in a row. We get the 3—line nets (2,3,1) of the squares in
Fig. 7, 8, 9 and a 2—line (3, 3) net in Figure 10.

P NS L

7) 8) 9) 10)
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13 SPREAD THE CUBE ON THE PLANE

¢) Finally, there is a 3—line (2,2, 2) square as shown in Figure 11.

11)

he above net we can fold to get the cube.

13.2 Cut a cube along the edges to get the cube net.
Guide: On the picture.

Exercise 13.1. Cut the cube along the corresponding edges to get the cubes from 1 to 11.

Exercise 13.2. Of A, B, C, D which cube matches the net showed on the left?

C

a) @O

=Y

L

¢) E -

Exercise 13.3. On the picture, each net is made of 5 squares and 2 triangles. Which nets can
be folded into a cube?

& W I
& <& &

]
& b
O
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14 CUBES

T4
L&

Exercise 13.4. You have a square paper. Have should you cut one piece from it so that it can
be folded into a cube of the largest volume?

You can find more exercises in Reference [3], [4].

14 Cubes

Problem 14.1. Can you cut a cube into 20 cubes? Can you cut it into 50 cubes?

Solution: Possible for both cases.

With the dimensions 2 x 2 x 2, 3 X 3 x 3, and 4 x 4 x 4, we can create 8, 27, and 64 cubes. In
reverse, it is 64 — 1, 27 — 1, 8 = 1.

e s 777
% ol
171
% (h
L
v Vg

Therefore:

20=27—(8—1)=27—T.
50=64—2-(8—1)=64—2-7.

Problem 14.2. Can you cut a cube into 48 smaller cubes?

Answer: Possible 2743 - (8 = 1) =27+ 3 -7 = 48.
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14 CUBES

Problem 14.3. Can you cut the cube into 49 cubes?

Answer: Possible.

/|

/

o

Use a cube with faces of 6 units (6 x 6 x 6). Divide it into 6 x 6 = 36 unit (1 x 1 x 1) cubes,
3 x 3 =9 cubes, (2x2x2)and 2 x 2 =4 cubes (3 x 3 x 3). Then 36 + 9 + 4 = 49.

Exercise 14.1. For what n value can you cut a cube into n small cubes?

Problem 14.4. Is it possible to cut a cube into identical pyramids? Can it be cut into 3
identical pyramids?

Solution:

a) Possible.
The center of the cube connected to all the vertices makes six pyramids.
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b) Possible.

Connect the vertices on one face with the other vertices on other faces and continue until
you get 3 identical pyramids.

Problem 14.5. A cube is cut into tetrahedrons. At least how many tetrahedrons do we get?
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14 CUBES

Solution: Each face of the cube is a square, so it should be divided into at least two parts.
Select two opposing faces (of the cube). There are four triangles without two being in the same
tetrahedron. The tetrahedral faces are one of these four triangles and they will have a total

2
volume of no more than 3 which indicates that we need more than four tetrahedrons.

N
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In case it can be cut into 5 tetrahedrons: select 4 vertices without two being on the same face of
the cube. We get a tetrahedron. With the four faces of the tetrahedron being joined with four
from the other face of the surface, we get 5 tetrahedrons that completely cover the cube (Figure).

You can find more exercises in Reference [2], [3].
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15 CUT THE CUBE BY A PLANE

15 Cut the cube by a plane

15.1 Possible cross section of the cube with a plane.

Hinh ngii giac Hinh lyc giac

Problem 15.1. Can the cross section of a cube and a plane be. ..

a) ...an equilateral triangle?

b) ...a hexagon?

Solution: Illustration.

35
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15 CUT THE CUBE BY A PLANE

Exercise 15.1. For the cube ABCDEFGH, the plane (p) goes through 3 points M, N and L
(figure). Construct the cross section created by the p—plane and the cubes.

H G H lf G
N
I |
I |
D | C | C
I |
I |
Me | :
_____ - = ——_—_4d__)F
B =F M. E
P o L
AL B A
1) 2) 5
H G H T.“I G
N |
D ! |
[ C D I C
|
| I
Me : - Mé :
JETTTT W JVETTTT 1~ F
A// L // L
3) B A 4) B

You can find more exercises in Reference [4].
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16 PAINT COLOR CUBES

16 Paint Color cubes

Problem 16.1. At least how many different colors can we paint the vertices of the cube so
that connected vertices (those lying along the same edge) have different colors?

Solution: We need at least 4 colors.

Problem 16.2. At least how many colors can you paint the edges of a cube so that edges
sharing the same vertex have different colors?

Solution: We need 3 colors.

g

Problem 16.3. At least how many colors do you need to paint the faces of a cube so that the
faces on the same edge have different colors?

Solution: We need at least 3 colors.
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16 PAINT COLOR CUBES

Problem 16.4. In how many ways can we paint the faces of a cube in black and white so that
each face only has one color? Cubes that can be rotated to overlap do not count as different.

Solution: With two different colors, there are 8 ways to paint the cube. If we allow unicolor
cubes, there are two more ways, which makes it a total of 10 solutions for a maximum of two
colors. Let us have a look at the different ways and put them into a table.

Obviously, there is only 1 cube which has 0,1,5 or 6 red faces.

If two faces are red, those two faces can be either adjacent or opposite to each other. These
are two options and naturally there are two similar options with 4 red and 2 blue faces.

In case we have three red faces, let us add one red face to the previous scenario. If the two
red faces are opposite each other, there is only one way of painting the third face red. If the
two red faces are adjacent, then there is one more way of painting the cube, with each red face
joining the two other red faces on two sides. This are also two options.

Number of blacksides 0 1 2 3 4 5 6
Number of whitesides 6 5 4 3 2 1 0
Number of way 11 2 2 2 1 1

A total of 10 ways.

Problem 16.5. In how many ways can we paint the faces of a cube in 6 different colors so that
each face has only one color? Cubes that can be rotated to overlap do not count as different.

Solution: There are 30 ways.
First we paint one face red and place the cube standing on this face (this face will be covered).
This leaves 5 faces. There are 5 ways to paint the top face. The other four faces can be rotate,

1
so there are 4 -3 -2 - 1= 6 ways. This makes a total of 5-6 = 30 ways.

Problem 16.6. In how many ways can we paint the faces of a cube in 5 colors so that each
face has only one color? Cubes that can be rotated to overlap do not count as different.

Solution: There are 75 ways.

There can be exactly 2 faces of the same color. If they are opposite faces, the other 4 faces can
|

4!
be painted in 1 ways. However, the faces of same color can also be swapped by rotation, which

6
leaves 5= 3 different color combinations.
If the two faces of the same color share a common edge, then the remaining 4 faces can be

24
painted in 4! = 24 different ways, but these contain doubles. This leaves 5 = 12 ways, which
brings it to a total of 12 4+ 3 = 15 different ways.

Let us not forget to multiply this number with 5 (5 different colors) to get 5 x 15 = 75
different ways.

Exercise 16.1. In how many ways can we paint the faces of a cube in 3 colors so that each
face has only one color? Cubes that can be rotated to overlap do not count as different.

Answer: There are 30 ways.
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16 PAINT COLOR CUBES

Exercise 16.2. In how many ways can we paint the faces of a cube in 4 colors so that each
face has only one color? Cubes that can be rotated to overlap do not count as different.

Answer: There are 68 ways.

Exercise 16.3. In how many ways can we paint the faces of a cube in n different colors so that
each face has only one color? Cubes that can be rotated to overlap do not count as different.

1
Answer: 51 % (n®+3-n*+12-n%+8-n?).

Problem 16.7. In how many ways can we paint the faces of a cube in three colors (red, blue,
yellow) so that there are two faces of blue, two of red, and two of yellow? Cubes that can be
rotated to overlap do not count as different.

Solution: There are 6 ways.

a) If the two red faces are opposite, then either the other pairs are opposite too (one way)
or they are adjacent (one way). This makes it 1 + 1 = 2 ways.

b) When the two red faces are adjacent (they have a common edge), there are two possibil-
ities. We either have one pair of opposite sides with the same color, or all opposing sides
are of different color. There are 2 ways of painting the faces in each scenario, which makes
it 2+ 2 = 4 ways.

Thus, in total, there are 2 4+ 4 = 6 different ways to paint the cube.

Problem 16.8. Can we paint the faces of 8 small cubes in two colors so that we can build 2
different 2 x 2 x 2 cubes from them?

Solution: A 2 x 2 x 2 cube has 6 x 4 = 24 external faces and the same number of internal
faces. For this reason only the painting seen on the figure can work. This is suitable as we can
build the yellow cube by turning around the small cubes.

‘ |

Problem 16.9.

a) If we paint the faces of 27 small cubes in two colors in any way so that each face is one
color, can we build a 3 x 3 x 3 cube of uniform color?

b) Can we do it with the condition that each cube has an equal number of faces of each
color?

Solution:

a) Impossible, paint 13 cubes red, 14 blue. Both groups will be present on the surface of the
3 x 3 x 3 cube.
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16 PAINT COLOR CUBES

b) Impossible, in this case, the tube can be painted in the following way (the top face that
is not visible is yellow).

None of the vertices of the cube are surrounded by the same color. Therefore, it is not always
possible to build a cube of uniform color.

Exercise 16.4. There are 27 small cubes. What is the largest number of faces that we can
paint red so that we cannot build a 3 x 3 x 3 cube of uniform color.

Exercise 16.5.

a) There is a 3 x 3 x 3 cube. Vertex A is red (while all the others are white). Tam wants
to move the red cube to the opposite vertex of the cube. She can only change the layer
(horizontal or vertical) containing the red cube with a neighbouring one. Cam wants to
stop her from reaching her goal and uses magic to decide how many changes Tam is
allowed to make (anywhere between 5 — 10). Can Tam do it?

b) If Tam’s goal is to move the red cube to a neighbouring position, can she do it?

Problem 16.10. Can we paint 27 small cubes in 3 different colors so that they can be joined
into 3 different 3 x 3 x 3 cubes of uniform color?

Solution: Let the three colors be blue, yellow and green. For a large cube we need 6 -9 = 54
blue faces. We need the same number of tiles for the other two colors too.

Altogether we need to paint 162 faces. This is equal to the number of faces on 27 smaller
cubes (6 - 27), thus there might be a way to solve this exercise if we paint each and every face.

Let us have a look at the blue faces. We need 8 cubes that have 3 blue faces to serve as the
vertices. We also need 12 cubes with two blue faces to place between the vertices on the edges,
and 6 cubes that have one blue face to go in the middle of each larger face.
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17 PATHS IN THE CUBE

Let us denote these with B3, B, Bj. We need the same from the other two colors, let us
denote them similarly.

Thus, we need 8 Bs, Y3, G3; 12 By, Yy, G5 and 6 By, Y;, G;. This can be made in the
following way:
1 cube of Bs, Y3; 1 cube of Y3, G3; 1 cube of G5, Bs;
6 cubes of By, Y3, Ga; 6 cubes of By, Y3, G1; 6 cubes of Y3, Gy, By; 6 cubes of G3, By, Y;.

We also need to consider whether these cubes can actually painted this way and whether
they can be rotated in the correct configuration, but we leave this up to the Reader.

You can find more exercises in Reference [3], [5].

17 Paths in the cube

Problem 17.1. On a 3 x 3 x 3 cube, how many paths go from point A to point B in a way
that one can only move from node to node and can only go either right, left or down (there is
also a node at the center of the cube)?

Solution: There are a total of 90 ways.
The counting method is illustrated in the figure.

A 1 1
1 A 2/ 3
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ST T T 20
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Problem 17.2. Consider a cube formed by a 3 x 3 x 3 grid. The vertices are ABC'D and
EFGH where (A, E); (B, F); (C,G) and (D, H) are pairs of opposing vertices. Show that it
is possible to join the edges of the cube so that the three pairs of contiguous vertices have
distinct paths leading to each other without having any common vertices, but there is no such
connection for 4 pairs of vertices.

Guide: Refer to the drawing.
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(A.G); (D.,F); (C.E)
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Exercise 17.1. Orange is always thinking about math. She is going for a stroll around his
glass villa. The paths are straight lines that connect the nodes. Before going, Orange wants to
draw a path so the she only has to go through each node once.

Can Orange draw such a path? Please help her find the solution!

I
|

s

i

You can find more exercises in Reference [5].

18 Other exercises

Exercise 18.1. An and Binh are playing the following dice game. On An’s dice, there are the
following numbers: 4,6, 10, 18, 20, 22. Binh’s dice has 3,9,13,15,17,25. Both players will roll
their own dice and the winner is whoever gets the larger number. Who has the advantage in
this game?

Exercise 18.2. An and Binh play a dice game. Both An and Binh’s dice have positive integers
on their faces. Both players roll their dice and the winner is whoever gets the larger number. Is
it true that if the average of the six numbers on An’s dice is greater than that on Bin’s, then
An will have a better chance of winning than Binh?

Exercise 18.3. An and Binh play a dice game. There are three empty dice on the table. An
writes the numbers from 1 to 18 on the dice and picks one. Binh chooses one of the remaining
dice. Both players roll their dice and the winner is whoever gets the larger number (the third
dice does not play a role.) Who has the advantage, An or Binh?

Problem 18.1. From a 3 x 3 square cut out the frame of a cube in one piece so that the cuts
are either parallel or perpendicular to each other.

Solution:

Look at the illustration for the cutting sequence. Looking at the top row, it might seem like we
are cutting along the lines of the original grid, which is false. Eventually, we cut the frame of
the cube out of a 2v/2 x 2/2 square.
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We cut at a 45° angle compared to the original grid, but the lines of folding are parallel to
the grid lines.

la
1c | 1b

(Collected at Hungarian camps in 2005)

Exercise 18.4. All 8 edges of a pyramid are equal. Is it possible to use 6 of such identical
pyramids to build a cube in a way that their vertices that are parallel to their base touch?

Exercise 18.5. We have a cubic shaped cake with an even chocolate frosting on the top and
the sides. How do we carve it so that everybody gets the same amount of cake and chocolate
frosting?

How can we do this if we have n = 2,3,4,5 people?

Can the exercise be solved for any natural n number?
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