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Chuong 1

Ham so6 bac hai

1.1 Khao sat ham bac hai

Cho ham s6 f(z) = ax?® 4+ bxr + ¢ (a # 0). Khéo sat va binh luan.

1.1.1 Giai phuong trinh f(z) =0

Ta xét phuong trinh az? + bx 4+ ¢ = 0. Nhan hai vé phuong trinh véi 4a, phuong trinh
tuong duong

4a*x* + dabx + 4ac = 0
&(2az + b)* + dac —b* =0
&(2ar + b)* = b* — dac

Cong thic nghiém:
- Truong hop b? — 4ac < 0 vo nghiém.

b
- Truong hop b? — 4ac = 0 ¢6 mot nghiem kép xq o = —5
a
- Truong hop b? — 4ac > 0 phuong trinh c6 hai nghiem phan biét:
—bE VA
T1g = 5 voi A = b — dac
a

1.1.2 Dinh ly Vi-et

Dinh ly 1.1.1 Néu ham s6 f(z) = az® + bx + ¢ ¢6 hai nghiém ( khong nhat thiét riéng
flz) =alx —z1)(x — z2)
b

biet) 1 va xo thi § T1 + X2

a
T1.02 =

2lo
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1.1.3 Cuc tri

—A (b* — 4ac)

Ham s6 c6 cuc tri tai © = ——. Gia tri cuc tri 1a =— . Lay gia tri min
) 2a 4da 4a
neu a > 0 va max khi a < 0.
1.1.4 D6 thi ham sb
D6 thi clia y = ) ¢t truc tung & diem c¢. Néu A > 0, do thi ham s6 cit truc hoanh

tal x1, xo.

AVAVIN.
SaVAYER

1.2 Da thic bac hai

7
1.2.1 Da thitc 22 + bx — 7 ¢6 hiéu ctia 2 nghiém 1a i/; . Hoi gia tri cia b ?

1.2.2 Xac dinh cac gia tri cia k dé da thic f(z) = 22 — 7o + 2k ¢6 nghiém nao d6 gap
2 lan nghiém nao d6 cia da thic g(z) = 2? — 5z — k?
Dap s6: k = 0 hoiic k = —4.

1.2.3 Tim méi lien hé gitta p va q dé da thic 22 4+ px + ¢ ¢6 tong lap phuong cac nghiem
bang 1.
Dap s6: Néu c6 nghiem (p? > 4q) thi —p® + 3pg = 1.

1.2.4 Cho phuong trinh 2% — kx + 6 = 0 c¢6 cac nghiém z, x,. Biét ring cic s6 16n hon
5 don vi so v6i hai nghiém x;, x5 14 nghiém ctia phuong trinh 2? + kz + 6 = 0. Héi gia
tri cua k.

1.2.5 V6i cac gia tri ndo ctia tham s6 p thi phuong trinh 22 + px 4+ 9 = 0 ¢6 hai nghiem
trong doan [1, 2] va nghiém kia trong doan [3,4]7?

Chi g: Ky hiéu [a,b] = {z € Rla <z < b}.
Dap s6: —6,8 < p <6,5.
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1.2.6 Véi gia tri nao ctia tham s6 p thi phuong trinh 22 + pz + 1 ¢6 tat ci cic nghiem
gitta khoang 0 va 5.

. 26
Dap so: - <p<2

1.2.7 Mot nghiém ctia phuong trinh 22 + px +¢ = 0 14 a, phuong trinh —22 +px +q =0
2

¢6 mot nghiem 1a b. Chitng minh réng da thic f(z) = —% + px + p c6 nghiém gitta a va
b.
Huéng dan: f(a).f(b) <0.

1.2.8 Hay chi ra ring mot da thiic bac hai c6 hé s6 hitu ti c6 mot nghiém hitu ti thi
nghiém con lai cling hitu ti. Khang dinh c6 con ding néu cac hé sé khong hitu ti?
Huéng dan: St dung dinh ly Vi-et.

1.2.9 Cho n la s6 nguyén duong va a;, b;, ¢;, i = 1,n la cac s6 thuc sao cho véi moi x,
a;x® + b;x + ¢; > 0. Chitng minh 1ang: ajas . ..a,x? 4+ biby. .. byx +cica...cp > 0.

1.2.10 Vé6i gid tri nao clia a thi théa man min{4z? — 4ax + a® — 2a + 2|0 <z < 2} = 3.
Dap s6: a = 1 — /2 hoac a = 5+ /10.

1.2.11 Phan tich cac da thiic sau thanh nhan t: z* + 222 + 8 va z* — 322 + 3.

1.2.12 Phan tich da thic thanh nhan ti c6 hé s6 thuc cta da thic z* + pz? + ¢ véi
p, ¢ €ER, p? —4q < 0.

1.2.13 C6 the phan tich cac da thiic sau thanh nhan tit hay khong? Giai thich tai sao?
a. 2% — Sxy + 212
b. 322 — Sxy — 3y
c. 2% — 6xy — Ty
d. 222 + 8xy + 9y>.

1.2.14 Chting minh da thitc Az? + Bry + Cy? phan tich dugce thanh nhan tit bac nhat
khi va chi khi B2 — 4AC > 0.

1.3 Phuong trinh bac cao dua vé phuong trinh bac 2

1.3.1 Giai phuong trinh

a. 3 +4r —1=0.

b. 2t + 23 +22+2+12=0.
c. 2t — 623 — 922+ 62+ 1=0.

d. z* — 1422 +9=0.
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Huéng dan.
a. r?+4r—1= (22 +1)> — (z — 1)%
b. ot +23+ 22 +x+12= (22 — 20+ 3)(2? + 3z + 4).

. 1
c. Chia ca hai vé cho 2?2 vadat t =z — —.
T

d. Dang trung phuong.

1.3.2 Giai phuong trinh (z — 6)* + (z — 4)* = 512.
Huéng dan.
Dat y =  — 5 va dua vé phuong trinh tring phuong.

1.3.3 Giai phuong trinh 223 + 922 + 152 + 9 = 0.
Huéng dan.
203 + 922 + 152 + 9 = (v + 1)> + (x + 2)3.

1.3.4 Giai phuong trinh

a. 423 — 1222 4+ 92 — 2 = 0.
b. 62% —52% — 52 +2 = 0.

c. 82 + 1322 — 72 —2 = 0.
d. 623 4+ 172% + 262 + 21 = 0.

Huéng dan.

a. Cach 1: Nham nghiém hitu ty. Cach 2: nhan hai vé véi 2 16i dit y = 2.
b. 623 — 522 —5r +2 = (3z — 1)(2® —z — 2).

c. 828 + 1322 — Tz — 2 = (v + 2)(82% — 3z — 1).

d. 2z +3)(32? — 4z +7) = 0.

1.3.5 Giai phuong trinh
a. 3z° + 322 + 3z + 1 =0.
b. 323+ 322 + 9z + 1 = 0.
Huéng dan.
a. 3z° + 322 +3x + 1 =22+ (v + 1)%.
b. 323 +32° + 9z + 1 =2(z + 1)* + (z — 1)3.
1.3.6 Giai phuong trinh 22° — 32* — 723 — 722 — 32+ 2 = 0.

1.3.7 Trong da thiic 2% + px 4+ q ¢6 p, ¢ 1a cac s6 1é. Hoi da thiic trén c6 nghiem nguyén
khong? va c¢6 nghiém httu ti hay khong?
1.3.8 Da thitc p(z) = az? + bz + ¢ c6 cac he s6 nguyen, p(0), p(1) 1a cac s6 18. Chiing
minh ring néu — la nghiém hitu ti cta p(x) véi t, s € Z va (t,s) = 1 thi s 1a s6 chin.
s

Dap sb: Ca hai truong hop 1a "khong".



Chuong 2

Pong nhat thic

Trong chuong nay, chiing t6i néu bat hai bicu thtic quan trong va céc két qua lien
quan.

o o)+ 03+ — 3abe.

. b
e Biéu thic Nestbit ¢ + + F )
b+c¢c c+a a-+b

2.1 Dang thidc co ban

a. (a+b+c)* =a*+b*+ ® + 2ab + 2bc + 2ca.

b. Chiing minh réng: a® + b* 4+ ¢ — 3abc = (a + b+ ¢)(a® + b* + ¢ — ab — bc — ca).

c. (a+b+ce)P=a*+0++3(a+b)(b+c)(c+a).

Cac truong hop dac biét:

Trudng hop 1 Néua+b+c=0thi a®>+b*+c? = —2(ab+bc+ca), a®+b* + ¢ = 3abe.

Truong hop 2 Néu a = b = c thi a® + b® + ¢ = 3abe.

Truong hop 3 Néu c6 it nhat hai trong s6 a, b, ¢ ddi nhau thi a® + b* + ¢3 = 3abe.
2.1.1 Chtng minh: Néu a + b + ¢ = 0, thi

a. a* + b+ ¢t = 2(a?? + a®V? + b*c?) = 2(ab + ac + be)?;

b. a® + b° + ¢® = —=5(ab + bc + ca)abe,
(a +b5—|—c) Sabc(a® + b* + ),

6(a’ ) =5(a® 4+ b* + ) (a® + b + ),
2(a® +0° + ®)? = 25a?b*c?(a* + b* + ¢);

c. 4(a +b7—|—c)—7abc(a + % + *)?

a” + b7 + ¢" = Tabe(ab + ac + be)?.
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2.1.2 Cho ba sb a, b, ¢ # 0 va doi mot khac nhau théa man a® + ® + ¢ = 3abe. Tinh
gia tri ciia biéu thic.

P b—c+c—a+a—b a n b n c
N a b c b—c c¢c—a a—b/"

) 1 1 1
2.1.3 Cho ba s0 a, b, ¢ khac nhau, khac 0 va thoa man — + 5 + — = 0. Tinh gia tri cia
a c
b+c c+a a+bd
+ b +

biéu thitc M =

2.1.4 Cho basb a, b, csao choa+b+c=0vaa?+b®+c® = 1. Tinh gia tri ciia biéu
thitc M = a* + b* + .

. , 1 1 1 , .
2.1.5 Cho ba so thuc a, b, ¢ théa man — + 7 + — = 0. Tinh gia tri cua bieu thic
a c

ab n be n ca
+2ab  a’+2bc  b*+2ca
Hudng dan: ¢* + 2ab = (b — c)(a — ¢). Lam tuong tu v6i cdc mau con lai.

2.1.6 Cho ba 86 a, b, ¢ thoa man a® + b? + ¢ = a® + b + ¢ = 1. Tinh gia tri ctia bicu
thite § — 2014 4 2014 | 2014

2.1.7 Cho ba s6 a, b, ¢ # 0 théa man a + b+ ¢ = 0. Tinh gia tri ctia biéu thiic

P=(a+b—cP+(b+c—a)P+(c+a—0b)?>+alb—c)+blc—a)*+cla—Db)?*+ abe.

0f N
. . L z 7+ g/ =2 \]- 1 1
2.1.8 Chiung minh rangnéu < a b ¢ thl — + -+ =2
a+b+c=abc a b ¢

2.1.9 Cho ba s6 a, b, ¢ doi mot phan bigt théa man (a + b+ ¢)? = a® + b* + ¢*. Chiing
2

a? c?

=1
a2—|—2bc+b2—|—20a+02—|—2ab

minh rang

2.1.10 Cho ba sb a, b, ¢ théa man a® + b* + ¢ = (a + b + ¢)*. Ching minh rang luon
c6 hai s6 doi nhau.

2.2 Dang thic hoan vi, déi xing

a b c
+ +
b+c c+a a-+bd

2.2.1 Cho ba sb a, b, ¢ sao cho
a’ b? c?
+ + .
b+c c¢c+a a+bd

) b
Hudng dan: a+b+c=(a+b+c) (bic+c+a+aib).

= 1. Tinh gia tri ctia biéu thtc

M =
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2.2.2 Cho —— + Jyr v i — 1. Tinh gi4 tri ciia bidu thitc
y+z z4+x x4y

A_Ji2+y2—22+y2+z2—x2+x2+22—y2

Ytz Z+x r+y

Hudng dan: Ap dung Bai 2.2.1

. b b
2.2.3 Cho ba s0 a, b, ¢ khac nhau va khac 0 théa man GFOL e ACq ¢ Twmh gia

) c a b
tri ctia biéu thitc A = (1 + 2) (1 + —) <1 + E)
b c a

. b b
Huéngddn.'a+ = +C:nga:>a+b+c:0
c a

2.2.4 Cho ba s6 a, b, ¢ > 0 sao cho ab + bc + ca = 1. Tinh gia tri ctia biéu thic

2 2 2 2 2
V- \/1+b (+c? +b\/(1+c)(+a)+c\/(1+a)(+b).
1+02 1+¢2
Hudng dan: 1 —|—b2 (b+a)(b+c).

2.2.5 Cho hai s6 a, b thda man ab = 1. Tinh gia tri ctia biéu thiic

B 1 1 n 1 n 3 1 1.1 1 N 6 1 n 1
~ (a+0b)3 \a® b3 (a+b)* b (a+0)p5 \a b))
Huédng dan: Quy dong cac tong trong ngoac don.

. 1 .
2.2.6 Cho ba so duong a, b, ¢ thoa man a +b+c = P Chting minh rang
abe

=a-+b.

\/(1 4 RA)(1 + i)

2 + a2b%c?

2.3 Cac bai toan khac

2.3.1 Cho hai s6 thuc phan biét a, b théa mén ab = a — b. Tinh gia tri biéu thic

A=12 -+ b_ ab.
b a
Hudng dan: a® +b* = (a — b)* — 2ab.

2.3.2 Cho (z+ V22 + 1)(y + v/y>+ 1) = 1. Tinh z + y.

Hudng dan: Nhan thém biéu thiic lien hop.

2.3.3 Cho ba s6 a, b, ¢ khac nhau va théa man a?(b + ¢) = b*(c + a) = 2015. Tinh gia
tri ctia bieu thic A = c?(a +b).
Hudng dan: Dieu kién bai tuong duong ab + be + ca = 0.

2.3.4 Cho hai s6 z, y théa man (z + V22 + 2)(y + +/y2 + 2) = 2. Tinh gia tri ctia biéu
thitc 2+/y2 + 2 + yv/a2 + 2.
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2.3.5 Cho ba s6 a, b théa man a > b > 0 va a® — a?b + ab? — 663 = 0. Tinh gia tri clia

ieu thic P = ———.
bieu thic E—p
Hudng dan: Ching minh a = 2b.

. 1 1 1 .
2.3.6 Cho hai so0 duong a, b va ¢ # 0 théa man — + 3 + — = 0. Chtng minh rang
a c

va+b=+a+c+vb+ec.
Hudng dan: ab+bc+ca=0= c* = (a+c)(b+c).

2.3.7 Cho 2? — 3z + 1 = 0. Tinh gia tri ctia biéu thtc

Ao (z* + 2% — 1022 + 2 + 2015) (z* + 22 + 1) + 2* + 322 + 1)
B a2 +1 '
< g2 . o & a+1
2.3.8 Cho a > 0 va 4a® + a2 — /2 =0. Chiing minh rang =/2.
vat+a+1—a?
4 . JE\ - 3 2012
2.3.9 Cho z = . Tinh gié tri cta P = (2° — 22 — 1)*°1%.

(V2-1)V5v2-7-3

3(2—V5)V9+ 45
VB + 14— 6V5

Hudng dan: v = —1.

2.3.10 Cho =z = . Tinh gi4 tri ctia P = (2% + 25 — p2011)2015,

1 [vV2-1

2.3.11 Cho z = - . Tinh gi4 tri ctia biéu thic
2\ v2+1 7

2014
1—\/§x>

3
P = (42° + 42* — 2% + 1 19+<\/4x5+4x4—5:£3+5$+3> +
( ) V2?2 4 2%

1 1 1 1

) _ 18 -
2.3.12 TlnhT—l_\/§ \/_—\/§+\/§:\/4_1 \/ZL—\/5+'“+\/9_—\/W'

1 1
= ‘1 + - - —' . Van dung, tinh gia tri cia

1
2.3.13 Chiing minh /14 — +
a* a a+1

1
a+1)2
+

) 1 1 1 1 1 1
bieu thic S =4/1+ = + = 1+=+—=+4+... 1 )
ieu (¢ \/ +12+22+\/ 22+32+ —i—\/ +20132+20142




Chuong 3

Phuong trinh bac cao

3.1 Phuong trinh bac ba: ax’®+bx’+cx+d =0 (1)

Phuong phap giai:
* Bude 1: Nham nghiém xq ctia (1).
* Bu6e 2: Néu (1) c6 nghiém 1a zo thi phan tich (1) thanh (z — x¢)(ax?® + mz +n) = 0.

T = X
g(z)=ar’ +mr+n=0 (2)

* Bu6e 3: Giai (2) roi két luan nghiém ctia phuong trinh (1).

Chii 3j:

a) Doan nghiem ctia (1) dua vao cac két qua sau:

-Néua+b+c+d=0 thi (1) c6 nghiem zy = 1.

-Néua—b+c—d=0thi (1) c6 nghiem zy = —1.

- Néu a, b, ¢, d nguyen va (1) c6 nghiem httu ti S thi p, q theo thu tu 1& uée cua d va a.

b) Véi cac phuong trinh c6 chita tham s6 c6 thé coi tham s6 1a an dé thuc hién viéc phan
tich da thiic.

c¢) Ta c¢6 dinh li Vi-et dé6i v6i phuong trinh bac ba nhu sau:

Néu phuong trinh bac ba dang ax® +bx? + cx +d = 0, (a # 0) c6 cac nghiém zy, x5, z3 thi
phan tich duge thanh nhan tt dang a(z — x1)(z — x2)(x — 23) = 0 va 6 cong thic Vi-ét:

I —+ ) + r3 = ——
a C
T1T9 + Tok3 + T3x1 = —
a
d
T1X2X3 — ——
a

d) Dya vao cac hing dang thiic.
3.1.1 Cho phuong trinh: z* —m(z — 1) — 1 = 0.
a. Giai phuong trinh khi m = 3.

b. Tim cac gi4 tri ctia m dé phuong trinh c6 3 nghiém phan biét.

10
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Hudng dan:

b) Phuong trinh < (z — 1)(22 + 2 + 1 — m) = 0. Dé phuong trinh c¢6 3 nghiém phan
biét thi phuong trinh 22 + 2 +1 — m = 0 ¢6 hai nghiém phan biét khac 1 hay A > 0 va
1+41+1—-—m#0.

3.2 Phuong trinh trung phuong: az' + bz’ +c=0 (1)

Phuong phap:

Buéc 1: Dat an phu y = 22 véi diéu kien y > 0.

Budc 2: Bién ddi phuong trinh (1) vé phuong trinh bac hai an y: ay® + by +c =0 (2)
Budc 3: Gidi (2) dé tim nghiém y, loai nghiem y < 0.

Bué6c 4: Giai phuong trinh y = 22 dé tim z = +/y.

3.2.1 Giai phuong trinh:
a. (2 +3x+1)(2*+32+2)—6=0
b. (dr+1)(122 — 1)z + 2)(z + 1) = 4.

c. (@2 —x+ 1) —62%(2*—2+1)>2+521=0.

Hudng dan:

a. Dat > +3rx+1=y=2>+3x+2=y+ 1.
b (42 + 1)(3z +2)(120 — 1)(z + 1) = (1222 + 11z + 2)(12¢% + 11z — 1) = - --

c. Cach 1: Vi z = 0 khong phéai 1a nghiém nén chia ca hai vé cho 2* r6i dat an phu
2
F + 1\2 Nee
Y= (i) , ta c6 phuong trinh % — 6y +5 = 0, tim y rdi tim x.
x

Cach 2: Diat 22 —x +1 =y, ta co:
y* — 62%y* 4+ 52t = 0 & (y? — 2?)(y* — 52?) = 0.

3.3 Phuong trinh bac bén dang ax*+bx*+cr’+br+a = 0

Phuong phap giai
Vi z = 0 khong phai nghiém ctia phuong trinh nén chia ca hai vé cia phuong trinh cho

1 1
2?2 # 0, duge phuong trinh dang a<x2 + —2) + b(:c + —) +c=0 (2
x x
. 1 1
bat anphu oz + - =y, (Jy| > 2) = 2 + 5 =y £2
x T
Ta c¢6 phuong trinh bac hai an y dang: ay® + by +c£2a =0 (3)

Giai (3) tim y r6i tim x.

11
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3.3.1 Giai phuong trinh: 22* + 323 — 1622 + 32 =2 = 0.
Hudng dan:
Vi 2 = 0 khong phai la nghiém ctia phuong trinh nén chia ca hai vé cho 2% # 0.

1 1
Dity=a+ - = 22+ — = y? — 2, phuong trinh trén tré thanh: 2y* + 3y —20 =0 ....
x x

3.3.2 Giai cac phuong trinh sau:

a. do* + 122% — 4722 + 122+ 4 = 0.

b. 22+ 523 — 1122 — 52+ 2 = 0.

Hudng dan:
. - . £ 2 PO 1
a. Chia ca hai veé cho x* # 0 roi dat y =« + —.
x

. . 1
b. Chia ca hai vé cho 22 # 0 rdi dit y = 2 — —.
T

3.4 Phuong trinh bac bén dang az* + bx® + ca® + dz +

e;g = (g)Q, (a,b,d,e # 0)

Phuong phap:
Vi x = 0 khong phai 14 nghiém ctia phuong trinh nén ta chia ca hai vé cho z? rdi dat an

d 2
phuy =z + 'y sé dugc phuong trinh bac hai an y dang: my? + ny +p = 0. Tt d6 tim
x

dudce y roi tim dude x.
3.4.1 Giai cac phuong trinh sau:
a 27x* — 623 — 3722 +4x 4+ 12 =0.

b 2z% — 2123 + T42% — 1052 + 50 = 0.

Hudng dan:
b. Chia ca hai vé ctia phuong trinh cho 2% # 0 16i dit an phu y = = + 5.

3.5 Phuong trinh dang (v +a)(z +b)(x +¢)(x +d) =m

Phuong phap:

Sz+a)(z+d)[(x+b)(z+c)]=m<& 22+ (a+d)z +ad][z? + (b+ )z + bc] =m
Sau d6 dit an phu thich hgp. Chéng han: Dit y = 22 + (a + d)x + ad dugc phuong trinh
bac hai an y dang: y*> + my +n = 0(x). Giai phuong tinh (*) rdi tim y 16i tim x.

3.5.1 Giai cac phuong trinh sau:

12
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a. (22 43z —4)(2* + 2z —6) = 24.

b. (x —2)(z —4)(z —5)(x —7) = 72.

Dip s6:
a. S ={0;-2;—1+2V3};
b. S = {1;8}.

3.6 Phuong trinh (z+a)(z+b)(z+c)(x+d) = mz?, trong
do ad = bc

Phuong phap:

(x+a)(z+b)(z+c)(x+d) =ma* < [(z+a)(x+d)][(x+b)(x+c)] =ma

&[22+ (a + d)z + ad].[z? + (b + ¢)x + be] = mx?

Vi z = 0 khong phai 14 nghiém ctia phuong trinh nén chia ca hai vé cia phuong trinh cho

22 £ 0, ta co:

[$2+(a—|—d)x—l—ad} [:E2+(b—|—c)x+bc] ~
T

& [x—l—%l—l—(a—i—d)] [x+b;c+(b+c)] =m

T

- Dat an phuy = 2 + % hodc y = = + % + (a + d) dugc phuong trinh bac hai an y.

- Giai phuong trinh bac hai an y roi tim x.

Hogc: Sau khi bién d6i phuong trinh thanh: [22 4 (a+ d)z +ad].[2? + (b+ )z + bc] = ma?,
dat an phu 22+ (a+d)z+ad = y rdi gidi phuong trinh bac hai an y véi x 1a tham s6 (hodc
an x v6i y 1a tham s6). Tim dudc y = kx 16i gidi phuong trinh 22+ (a+d)z +ad = y = kx
dé tim an x.

3.6.1 Giai cac phuong trinh sau:

a. (x —8)(x —4)(z —2)(x — 1) = 422

b. (2% — 3z + 3)(2? — 2z + 3) = 222

Dap so:
a. S = {5 +17};
b. S = {1;3}.

3.7 Phuong trinh bac bén : z* + ax® + bz +c =0, trong
dé a’ +8b = 0.

Phuong phap:

- Thém bét kz? dé 2* + az® + k2z? = (2% + hz)? 16i tim mdi lien hé gitta (22 + ha) véi

—ka? 4 br dé dua phuong trinh ban dau vé dang: (2% + hx)? + k(2% + hz) + ¢ = 0.
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- Dat an phu y = (2% + hx) duge phuong trinh bac hai an y.
- Giai phuong trinh bac hai an y. Tim dugc y roi tim x.

3.7.1 Giai cac phuong trinh sau:

a. 2t — 223 41 =2.

b. x* 4+ 8x3 — 64x + 15 = 0.

3.8 Phuong trinh bac bén dang (az+b)*(cx+d)(ex+f) =
g.

Phuong phap:

- Thong thudng (az + b)? thudng bién doi duge vé dang (ax +b)? = k(cx +d)(ex + f) + h.
- Dit an phu y = (cx + d)(ex + f) duge phuong trinh bac hai an y.

- Tim dugce y 16i tim dudgc x.

* Hogc (cach khac)

- Trién khai hang dang thitc: (az + b)? = f(x) = a®x? + 2abx + b

- Trién khai (cz + d)(ex + f) = g(z) = cex® + (cf + de)z + df .

- Tim moi lien he gitta f(x) va g(x) 16i diit an phuy dé giai.

* Hodc (cach khac):

-Datar+0=y.

- Tim moi lien hé gitta cx + d va ex + f v6i y (biéu dién cx + d va ex + f theo y) dugc
phuong trinh tring phuong an y. Tim y roi tim x.

* Hogc (cach khac):

- Nhan ca ai vé ctia phuong trinh véi 2 2 48 bién déi phuong trinh vé dang:

CcC e
2

(ax® + 2abx + b?)(a’x® + 2abx + k) = ga_.
ce
2
- Dat an phu y = a?b? + 2abx + b? dua phuong trinh vé dang: y(y + h) — ga_ = 0.
ce

3.8.1 Giai cac phuong trinh sau:

a. (12z +7)*(3z + 2)(2z + 1) = 3.

b. (z+1)*(2z +1)(2z + 3) = 18.

Diép so:

1 5
a5 = {1—5?5‘6};
b.5 = {33}
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3.9 Phuong trinh bac bén dang: (z +a)* + (z +b)*=c

Phuong phap:

- Stt dung hing déng thic:

(A% B)* = A* £ 4A3B + 6A? B2 + 4AB% + B* hodic A* + B* = (A% + B?)? — A’B?
(Néu sit dung truec tiép hang dang thic thi rat kho khan khi A, B 1a cac s6 16n.)
Céch giai phuong trinh (y — 1)* + (y + 1)* = 2% + 12¢% + 2.

a+b

-Dat an phuy = 2 + ta c6 phuong trinh:

1
2yt + 3(a — b)%y? + g(a —b)t—c=0.
- Dat an phu t = 92, (t < 0).

- Giai phuong trinh an t tim t sau dé tim y roi tim x.

3.9.1 Giai cac phuong trinh sau:
a. (z —6)*+ (zr —8)* =16.
b. (x+6) + (z + 4)* = 82.

Diép so:
a. S = {6;8}.
b. S = {—3: -7},

ax bx

3.10 Phuong trinh =c (1)

_|_
mx?+nxr+p mr+qr+p

- Tim diém kién ctia x dé biéu thitc xac dinh (miu s6 khac 0).
- Vi z = 0 khong phai 1a nghiém ctia phuong trinh nén chia ca tit va mau s6 cho 2 # 0 6
mdi phan thitc & vé trai, ta duge phuong trinh:

a

D p:c—DZaténphuy:mx+n+B,tacé:mx+q+£:y+k
mr+n+= mr+q+ = z x
x x
duge phuong trinh méi an y:
a b

— _l’_ —
y y+k
- Giai phuong trinh (2) tim duge y roi tim duge x.

=ce i+ (ck—a—by—ak=0 (2)

3.10.1 Giai cac phuong trinh sau:

Tx 2x
a. — = —1.
322 +5x+2 3x2—x+2
2z 13z
b. =6
202 —bx + 3 g 202 +x + 3
Dip s6:

- (P

3

b.S:{Z;

|0
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ax® +mx + b ax2+px+b_0

3.11 Phuong trinh : + =
ar?+nr+b axr?+qr+b

Phuong phap:

- Tim diéu kién ctia x dé biéu thiic xac dinh (mau s khéc 0).

- Vi z — 0 khong phai 1a nghiém ctia phuong trinh nén chia ca tit va mau sé cho z # 0 6
mdi phan thitc § vé trai, ta duge phuong trinh:

b b
ar+m+—  ar+p+ —

x T _

b p Y
ar+n+— ar+qg+—

x x

- Dat an phu y = ax + 9 ta dugc phuong trinh méi an y.
- Gii phuong trinh an §xf tim dugce y roi tim dude x.
3.11.1 Giai cac phuong trinh sau:
5224+ 6xr+9  bSx?—8x+9

& S dr 10 56217219
b m2—3:17—|—5+x2—5x—|—5 - 1
a2 —4r+5  x62—6x+5 4
Hudng dan:

~ Z 2 9
a. Chia ca t1t va mau so cho x # 0. Dat an phu y = bx + —.
x

b. Chia ca t& vd mau s6 cho z # 0. Dat an phuy = o + —
T

(bx)”

3.12 Phu’dng trinh : (CLZU)Q—FW
ax C

= d, trong d6 b = ¢*

Phupung phap:
- Thém cling mot bicu thiic vao hai vé dé tao thanh binh phuong ding.
- Dt an phu.

3.12.1 Giai cac phuong trinh sau:

2512
.22 ~ 11
A PSP

812
b. 22 _ 40.

Tt G Toe

Diép so:

14+ /31
oo (15
b.Sz{l:t\/19}.
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3.13 Phuong trinh bac 5 az® +bx*+cxd +car’+br+a =0

Phuong phap:
Phuong trinh nay c6 tong cac hé s6 ctia cac s6 hang bac chin bang tong céc hé sb clia

cac s6 hang bac 18) luon c6 nghiem z = —1 nén c6 thé phan tich thanh (x + 1)(ma* +
na® 4+ px* +nx +m) =0
Ngoai nghiem x = —1, giai phuong trinh déi xitng bac chin dé tim cac nghiém con lai.

3.13.1 Giai cac phuong trinh sau:

a. r° —dr* + 323+ 322 —4x+1=0.

b. 2® =5zt +42° + 422 —5x+1 = 0.

Diép so:

a.S:{il;%ﬁ}

b. S ={+1;2++/3}.
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Chuong 4

Phuong trinh chia can

4.1 Bién dbi tuong duong dua vé dang co ban

4.2 Kién thitc cc ban

B>0
. VA=B & -
. {A:B2
A>0
B >
b. VA+vVB=+v(C<% =
C>0
(VA+VB)?*=C

c. VA+VB=vC= (VA+VB)*=C.

4.3 Phuong phap bién déi tuong duong

; 1
4.3.1 Giai phuong trinh 2z 4+ (/x +4/z — 1= 2.

4.3.2 Giai phuong trinh vz +3—4vz — 1+ V2 +8 —6vz — 1 = 1.
4.3.3 Giai phuong trinh \/z(3z + 1) — \/z(z — 1) = 2V/22.

4.4 Phan tich thanh tich

4.4.1 Phan tich thanh tich bang cach nhém hang t&

1
4.4.1 Giai phuong trinh 2v/2+x — 22 =1+ —.
T

4.4.2 Giai phuong trinh (vz + 2)® = 3z + 2.
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4.4.3 Giai phuong trinh v2z — 1+ /1 — 222 = 2v/2 — 22.

4.4.2 Phan tich thanh tich bing cich st dung hing dang thiic

4.4.4 Giai phuong trinh ¥z — 5+ /22 — 1 — /32 +2 = —2.

1
4.4.5 Giai phuong trinh 3z — 1 + x4— — 3z 11
T

1
4.4.6 Giéi phuong trinh v/ — 2000 + /y — 2001 + v/z = 2002 = g (x +y + 2) — 3000.

4.4.3 Phan tich thanh tich bing cach nhan biéu thic lién hop

4.4.7 Giai phuong trinh /2028 — x + /2093 — x + /2268 — x = 29.

4.4.8 Giai phuong trinh v422 4+ 52 +1 — 22?2 —x +1 =9z — 3.

4 / 1 / 5
4.4.9 Giai phuong trinh — +4/x — — =2+ /20 — —.
x x x

4.5 Phuong phap dit an phu

4.5.1 Kién thitc co ban

at>? +bt+c=0

L af(@) + by/F@) e =0 = {t: V@), t>0

2. av\/f(x) £by/g(x) + c/f(z).9(x) = d.h(z) = 0=t = a\/f(x) £ by/g(x).

aVA2+bVAB+cvB?=0
3. | aA+bB =cVAB = dat u, v dua vé z.u? 4+ yuv + 202 = 0.

aA +bB = cvVmA2 + nB?

4. Dat a = f(z), b= g(r) dua vé hé hai an a, b.

4.5.2 Diat mot an
4.5.1 Giai phuong trinh V8 ++vVz+3+ V5 —+Vz —3=5.
4.5.2 Giai phuong trinh 922 — (3 + 2)v/3z — 1 + 2 = 3z.

T+ 2
xr—1

4.5.3 Giai phuong trinh (z — 1)(z +2) + 4(z — 1) =12.
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4.5.3 Phan tich thanh tich bang cach sit dung tinh chat dang
cap

4.5.4 Giai phuong trinh x + Va2t + 22 +1 = Vo — a3.

4.5.5 Giai phuong trinh v422 — 152 + 20 = 42 — 10 + 7/x — 1.

4.5.6 Giai phuong trinh 22% + 52 — 1 = 7y/23 — 1.

4.5.4 Diat an dua vé hé phuong trinh

1 1
4.5.7 Giai phuong trinh \/a: ——+ \/1 ——=z.
x x

4.5.8 Giai phuong trinh v/25 — 22 — /9 — 22 = 2.

4.5.9 Giai phuong trinh 2v/3z — 2 4+ 3v/6 —5x — 8 = 0.

4.6 Phuong phap danh gia
4.6.1 Giai phuong trinh V& — 1 —x + /z = 2.

4.6.2 Giai phuong trinh /13 — 3z + /3x — 11 = 322 — 242 + 50.

4.6.3 Giai phuong trinh (3z + 5)v/78y — 39 + (3y + 5)/78z — 39 = 2(3z + 5)(3y + 5).
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Chuong 5

Hé phuong trinh

5.1 Kién thic co ban

Dinh nghia 5.1.1 Phuong trinh c¢6 dang ax?® + bxy + cy? = 0 dude goi 1a phuong trinh
déng cap bac 2.

Phuong phap giai.

THI: z = y = 0 1a mot nghiém ctia he. THI1: x, y khong dong thoi bang 0. Khong gidm
tong quat, ta gia st y # 0. Khi d6, chia ca hai vé ctia phuong trinh véi y? .

Phuong trinh da cho tuong duong a (g) o+ bg +c=0.

Day la phuong trinh bac hai an t = X da biét cach giai.
)

flzy)=0

Dinh nghia 5.1.2 Cho hé phuong trinh
g(x,y) =0

f(ﬁoayo) =

Ta néi rang cap (2o, y) la mot nghiém ctia hé néi trén néu {

Nhan xzét: Trong chuong trinh sach gido khoa hién hanh, ching ta khong c6 phuong
phap gidi mot phuong trinh hai hay nhiéu an. Do dé, mot cach tu nhién ta nghi rang
dé giai mot hé phuong trinh, ta diing phép bién déi dai s6 dé bién ddi hé phuong trinh
thanh he phuong trinh , trong d6 c¢6 mot phuong trinh mot an. N6i cach khéc, ta tim
cach khit di mot an. Day la tu tuéng can ban nhéat dé ta c6 thé xi Iy duge cac bai toan
vé hé phuong trinh néi chung.

5.2 Giai hé phuong trinh
Phan nay, ching ta lam quen v6i phuong phap thé bién. Dau tién, ta bat dau véi he
hét siic co ban nhu sau:

ar+by=c (1)

Heé co ban 5.2.1 {f(x,y) _0 ()
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Phuong phap: Tu (1) ta rat  hodc y va thé vao (2).

5.3 Phuong phap thé mét bién

r+y=4 (1)

5.3.1 Giai hé phuong trinh
C P g {$2+2y2:11 (2)

Giai:

r+y=4
2?2+ 2y? =11

r=4—-y

= y=1
_d

\ 3
r=3
y=1

= { 7
ng
V73

5.3.2 Giai hé phuong trinh

2oy — 22— 2y =0
5.3.3 Giai hé phuong trinh {x tr oy -2y Y

?4+yt=1
Giai:
2+ x—ay—2y>—2y=0
4y =1
(x=2y)(z+y+1)=0
?+yr=1
_{x—Qy:O (1)
2 +yt=1
=
{x+y+1:0 )
>+t =1
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Nhu vay, he da cho duge dua vé hai he (1) va (2). Giai he (1) va (2) bang cach ap dung
Hé co ban 5.2.1 néi 6 trén.

202 +axy —y  —Sx+y+2=0 (1)

P4y +ar+y—4=0

Hudng dan: Phuong trinh (1) & 2z —y—1)(z +y —2) =0.

5.3.4 Giai hé phuong trinh {

Chia y: Néu ta coi phuong trinh (1) nhu moét phuong trinh bac hai an x véi tham
s6 y va phuong trinh nay c6 A la binh phuong ctia biéu thic chia y thi viec phan tich
(1) trd nen rat nhanh chong.

622 — 3 =1- 1
5.3.5 Giai hé phuong trinh{ f 2xy+x y (1)
r+y =1

Hudng dan: Phuong trinh (1) < (32 — 1)(2z —y + 1) = 0.

2y =dr—-2y—3
5.3.6 Giai hé phuong trinh x2 y2 Lo
Tt +y* =95

5.3.7 Giai hé phuong trinh

r? —3ry+2y2 =0 (1)
222 — 3xy +5=0
Huéng dan: Phuong trinh (1) 14 phuong trinh dang cap bac 2.

5.3.8 Giai hé phuong trinh

{2x2+y2—|—1:2xy+29c

zy+x—2=0

5.3.9 Giai hé phuong trinh
o P & 208 — Py + 2 +y* —2zy—y=0 (2)

——

Huéng dan: Phuong trinh (2) & (2% —y)(2z —y + 1) = 0.

ry+a+y=2a>—2y° (1)
/2y —yvr —1=2x -2y

Hudng dan: Phuong trinh (1) < (z+y)(2y —z + 1) = 0.

5.3.10 Giai hé phuong trinh {

5.4 Phuong phap thé cum biéu thiic

Sr2y — dwy? + 3y —2(x +y) =0
zy(@® +y°) +2 = (z +y)° (2)
Hudng dan: Phuong trinh (2) & (zy — 1)(z + 3> —2) = 0.

5.4.1 Giai hé phuong trinh {

P?ly+)(x+y+1)=322—4z+1 (1)

ry+z+1=2* (2)
1

5.4.2 Giai hé phuong trinh {

- -1 .
Huéng dan: Phuong trinh (2) & y+ 1= ’ thé vao (1).
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3 3 _ 2 _ 1
5.4.3 Giai hé phuong trinh Ty -y
4ot +yt =dx +y
Hudng dan: 4z +y = (4z + y) (23 + v* — zy?).

224+t tay =1
>+ =2+ 3y
Huéng dan: z + 3y = (x + 3y)(z? + v* + ).

5.4.4 Giai hé phuong trinh {

5.5 Phuong phap cong

2?2+ y? — 4o+ 6y =12
2?4+ +x—5y=0
Huéng dan:Trit hai vé, dua vé Hé co ban 5.2.1.

5.5.1 Giai hé phuong trinh {

?+y?—22+3y=3 (1)

5.5.2 Giai hé phuong trinh
'P & {2x2+2y2+x—5y:0

Huéng dan:Nhan hai vé cta (1), dua vé Hé c¢o ban 5.2.1.

2% + 6y = 6z

5.5.3 Giai he phuong trinh §
y°+ 9 =2zxy

Huéng dan: Cong hai vé clia hai phuong v6i nhau.

22+ 2%z =24

5.5.4 Giai hé phuong trinh
o P & {y3+2x2y:24

Huéng dan: Trit hai vé clia hai phuong v6i nhau.

P Haoyt+ar+y=4

5.5.5 Giai hé phuong trinh
{(x +y)(1+zy) =4

Huéng dan: Trit hai vé clia hai phuong v6i nhau.

2
Yo+ 2
3y = 5
x
5.5.6 Giai hé phuong trinh
2
2
3r = z —1;
()

Huéng dan: Trit hai vé clia hai phuong v6i nhau.

2>+ 4% =5

5.5.7 Giai hé phuong trinh
doy+or+2y="7

Huéng dan: Cong hai vé clia hai phuong vé6i nhau.
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5.6 Phuong phap dit an phu

ry(r +y) =2

5.6.1 Giai hé phuong trinh

Huéng dan: Dat a =z +y, b= av.

zy(x +y) =2

5.6.2 Giai hé phuong trinh

Huéng dan: Dat a =z +y, b= 2y.

(z+y)(2*+y*) =15
(z—y)(@* —y?) =3
Huéng dan: Dita=2+y, b=x —y.

5.6.3 Giai h¢ phuong trinh {

2 —ay+y =7

5.6.4 Giai hé phuong trinh
C P g {x4+x2y2+y4=21

Huéng dan: Diat a = 22 + 32, b= ay.

e y? 1

i+l Prortl 2

5.6.5 Giai hé phuong trinh

ey —x —y=1
Y
z+1

Huéng dan: Dit a = < b=
y+1

(z+1)(y+1) =8
e +1)+yly+1)=17—2ay
Hudéng dan: Diat a =z +y, b= xy.

5.6.6 Giai hé phuong trinh {

1
? 4 =+ Z=3
Y )
5.6.7 Giai hé phuong trinh

1 =z
r+-—+-=3
Yy oy

- 1
Huéng dan: Dat a =2+ —, b= L
(Y Y

xy+rx+1="Ty
5.6.8 Giai hé phuong trinh
22y + oy + 1 = 131>
x

- 1
Huéng dan: Dat a=x+ —, b= —.
Y )
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P +y+ Py + oyt +ay = —g
5.6.9 Giai hé phuong trinh
ot + v+ oy(l +22) = —Z
Huéng dan: Diat a = 22 +y, b= ay.
(22 +y)? = 5422 —y?) + 6(2x —y)2 =0

5.6.10 Giai hé phuong trinh
2z +y)+ =3

20 —y
Hudéng dan: Dit a = 22 +y, b= 2z —y.

5.7 Heé phuong trinh ba an

5.7.1 Phuong phap thé bién
DAu hiéu: C6 it nhat hai bién bac 1.
(& +y+z2=1

571 Sx+2y+42=38
[z +3y+92 =26

.
rT+y+z=3

572 x+2y—2=2
(z+yz—zex =3

(2 +y= 22
5.7.3 ¢ =2(y+2)
Yy = 2(2+ 1)

(12z=2+44
5.7.4 < 2y? =Txz — 3z — 14
(2? +22=35—y°

(2 — 204+ 2=0
5.7.5 ¢ xy = 2°
(ryz = 216

(2 +y+2=T7
576 < 22 +¢y>+22=21

xz = 22
\

'x+y—|—z:6
5.7.7 cx(y+2)2=21
(y(z +2)=38
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'm+y+z:6
5.7.8 { xy +yz+ zx =12
(ryz =38

(2 +y+2=7
579 <22 +¢y2+22=21

xz = 22
\

5.7.10

5.7.2 Phuong phap cong

(

r+y=38
5.711 Cy+2z=9
(zt+T=5

(a:y =2
5.712 S yz =6

\zx:3

(

T+ yz =2
5.7.13 y+zax =2
[z +xy =2

(2% +y? + oy = 37
5.714 <2 + 22+ 22 =28
2+ 22+ yz =19

'x—yz—yz:O
5715 o —y—9y>—22=0
r+y—yP—2=0

(2 -2 —yz—2=0
5.7.16 < 20 — 4y —4y?> — 22 =0
(2 +2y—2y°—2=0

(zy+2—y=7
5.7.17 Syz—y+2=13

Zr—x—2=17
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(

r4+axy+y=17
5.7.18 y+yz+2=23
(zt+zx+ax=11

(Vi —13)(y/7 — 14) = 2
5.7.19 { (/7 — 14)(y/z — 15) = 6
(V2 - 15)(vZ - 13) =3

(322 + 2y +1 = 2z2(x + 2)
5.7.20 ¢ 3y* +22+1=2x(y+2)
(32° + 22+ 1 =2y(z + 2)
HD: Cong ba phuong trinh vdi nhau.

5.7.3 Dat an phu
(2 — Yy = 3zy

1
5.7.21 Yz +xz — 2y = —
1 8

(297 = 3
($+y+z:6

5.7.22 S xy+yz+ zx =12
(ryz =8

(22 + 92 =2 +y) =0
5723 ¢y +22-2y+2)=0
|24+ 2° —2(z+2)=0

rx+y+z:6
5.7.24 S xy+yz+ zx =12
(ryz =8

(52y = 6(x + )
5.7.25 ¢ Tyz = 12(y + 2)
(320 = 4(z + 2)

(2 +y+2=6
5.7.26 < xy+yz+ zx =12

(zyz =8

(2 +y+2=7

5.7.27 S a2 + 92 + 22 =21

xz = 22
\




Sigma - MATHS

'm+y+z:6
5.7.28 S axy+yz+ zx =12

(ryz =8

(xyz 24

y+z 5

24

5.7.29 { Y2 _ =2

z+x 7

ryz 1

\$~|—y_4

5.7.4 Danh gia

(

Yz +x =22
5.7.30 S xyz+y =2z

(TYz + 2 =2y

(47 — y? =1
5.7.31 ¢4y —22=1

(42 — 22 =1

=2
5.7.32 {“Ly ,
zy—z-=1

(403 = 22 +y + 1
5.7.33 {493 =222 +2+1
(42° =222+ +1
4 B 2y2
$_1+y2
2
5.7.34 { y— 22
1422
22
z =
\ 14 2
r+y+z=1

5.7.35
oyt + 2t = ayz

HD: BDT 2* +y* + 24 > (x + y + 2)(zy + yz + 22)
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Chuong 6

CAu triac dé thi vao 10-Moén Toan

6.1 Biéu thiic dai sé (1,5-2 diém)

Rit gon biéu thiic.

Tinh toan gia tri biéu thic hodc tim diéu kién ctia bién théa man diéu kien.

6.2 Phuong trinh, hé phuong trinh (2 diém)

Phuong trinh bac hai.

Phuong trinh quy vé phuong trinh bac hai.

Hé phuong trinh.

Giai bai toan bang cach lap phuong trinh, hé phuong trinh.

6.3 Ham s6 va do thi (2 diem

Duong thang y = ax + b.

Parabol y = ax? + bx + c.

Heé thitc Vi-et va ting dung (nghiém phuong trinh ).

6.4 Hinh hoc (3-3,5 diém

Tt gidc noi tiép.

e Hé thiic trong tam giac.

Doan thang bang nhau, géc bang nhau.

S6 do goc.
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e Ba diém théng hang.

e Dién tich.

e Quan hé gitta cac duong (song song, vudng goc,. .. ).

e Duong thing va dudng tron bién thién di qua diém c6 dinh.

e Cuc tri hinh hoc.

6.5 Danh cho hoc sinh giéi (0,5- 1 diém)

e Bat dang thiic.
e Cuc tri.
e Phuong trinh, hé phuong trinh khong mau muye.

e Phuong trinh nghiém nguyén, ....
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